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Abstract

We present HyReach, a MATLAB-based toolbox for reachability analysis of linear hy-
brid systems based on support functions. The main goal of HyReach is to provide a single
graphical user interface for easily configurable reachability analysis on different systems.
HyReach offers a number of known algorithms for the computation of reachable sets within
modes. These are combined with various approaches of handling mode invariants, guard
intersection computations and transition strategies. Furthermore, plug-ins like the MPT
and CVX toolboxes complement the existing MATLAB optimization toolbox to increase
the variety of optimization algorithms for the computation of support functions. HyReach
supports both textual and graphical inputs and outputs, allowing for flexibility and seam-
lessness in workflow and processing of data. We illustrate these features with examples in
this paper.

1 Introduction

Reachability analysis of hybrid systems has been a topic of extensive research over the past
years. New approaches and innovative ideas have contributed to significant progress in this
field. Several tools have been developed and have been made available. A range of methods
and procedures have been recently proposed that improve upon the performance of existing
approaches. The question hereby is whether it is worthwhile to implement these methods be-
cause of their complexity in comparison with their small contribution. The evaluation of this
contribution requires a practical comparison of different methods in the same environment and
under the same conditions. In practice many implementations are available but in different de-
velopment environments. Integrating them within a single platform demands time and effort.
The platform SpaceEx [7] can be seen as a first step in this direction. Besides the PHAVer sce-
nario [5], SpaceEx includes implementations of the Le Guernic-Girard LGG-algorithm [15] and
its recent enhancement, the STC-algorithm [6]. The first and the second toolboxes are stand
alone implementations. They receive their inputs and setting parameters via the SpaceEx GUI,
which then visualizes their results. Otherwise they do not share any other components.
Besides the algorithmic core, many approaches have been proposed over the last couple of years
for computing an over-approximation of the input contribution and the initial set.

We aim with HyReach to offer an analysis framework incorporating a number of known algo-
rithms for the computation of reachable sets within modes and various approaches for handling
invariants, guard intersection and transition selection strategies. Our main goal, however, is to
allow a fully user configurable reachability analysis for linear hybrid systems. Similar to existing
reachability analysis tools, e.g. [1, 19, 17, 18], we chose Matlab as the underlying platform for
HyReach.



The paper is structured as follows. Section 2 briefly reviews the definition and some properties
of support functions relevant for our implementation. A description of the structure and the
features of the tool is given in Sections 3 and 4. Experimentation and testing results are then
presented and shortly discussed in Section 5. Section 6 concludes this work by listing some
remarks and directions for future work.

2 Support Functions

In HyReach, reachable sets are represented by their support functions. A support function is
an alternative representation of convex geometric sets. Let S C R™ be a convex set and [ € R"
a direction. The support function of S in the direction [ is defined as follows
ps: R" — RU{£oo}
l— ps(l) := supges (I, x)

(1)

where (I, z) is the dot product. Furthermore support functions obey the following properties:
Let S, S1, So € R™ be nonempty sets, [, l1, o € R®, A € R™ ™ and A > 0 [9, 16],

L pas () = Aps ()

ps (Al) = Aps (1)

ps (I1 +12) = ps (l1) + ps (I2)

pas (1) = ps (A™1)

Psi@s, () = ps, () + ps, (1), with @ the Minkowski sum
PConverHull(5,08,) (-) = maz (ps, (), ps, ()

PS1NSs (l) < min (pS1 (l) » PS; (l))
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Figure 1: HyReach architecture.




These properties allow for the transformation of hard geometric operations of n-dimensional
sets into ordinary algebraic operations. Consequently these transformations are used to derive
an efficient computation of reachable sets.

3 Tool Architecture

The architecture of HyReach is illustrated in Fig.1. It consists of an interactive graphical user
interface (GUI) and a computation core (CC). HyReach provides a GUI shown in Fig.2 for
selection of parameters and to provide an overview of the overall analysis. Various options are
provided from which the user can select to configure the reachability analysis. The GUI can be
viewed as being composed of four components:

The input component: The user chooses the input file of the hybrid automaton. The
input file can be a .m file where the hybrid automaton is described textually or a .mdl file
with a graphical representation. The state and the input variables are then displayed in the
corresponding fields.

The user parameter component: We consider time step, time horizon, maximum number
of iterations, input and the initial sets as user-provided parameters. If the input is textual, the
.m file will include the values of these parameters, which can be directly imported and entered
into the corresponding GUI fields if this option is chosen. The user is free to change these
values thereafter. In the case a graphical representation of the hybrid automaton is used, those
parameters must then be provided directly via the GUI.

The analysis setting component: The user chooses the general algorithm, as well as possible
optimization algorithms for the computation of the reachable sets within continuous modes. The
method for computing the intersection of the reachable set with the guard condition can also be
selected between an equality and inequality guard condition. Clustering methods for handling
transitions are also among the possible options made available to the user. The user can also
choose between triggering the transition after a user-defined time or after reaching a fixed point
with a user-defined tolerance. Several options have been also incorporated to allow the user to
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define how nondeterminism of transitions should be handled. The choice of directions for the
evaluation of the support function is also left to the user.

The output component: The GUI captures the results from the CC and displays them in a
textual and graphical form. The state and the input variables are displayed in the corresponding
fields shown in Fig.2 as soon as the graphical input file is loaded. If more than one transition
can be triggered within the chosen time horizon 7', the user has the possibility to decide which
transition will be followed when the option Manual choice is selected for Transition handling.
If the Output interval choice is selected by the plot options, the interval range of all state
variables are shown on the right side of the GUI. Upon completion of reachability analysis, the
reachable sets are plotted in the form of 2D-projections along with its computation and plot
times. The plot options field allows for the choice of two dimensions to be projected, as well as
the export and saving of different plots. The time progress of the computation is visualized by
a color gradient, beginning with green sets and ending with red ones. The enclosure of the sets
intersecting the guards are plotted in yellow.

Concerning the computation core (CC), principle components are detailed in the next section.

4 Options to Configure the Reachability Analysis

We briefly describe the different options and scenarios, which the user can select to configure the
reachability analysis. These options represent a wide range of algorithms from the MATLAB
optimization toolbox, the CVX [10] and the MPT [13] toolboxes .

For the computation of the reachable sets in continuous modes, only dynamics of the form
& = Ax + Bu+b, where x is the state vector, u the input vector in a convex set V', b a constant
vector, A and B the constant matrices, is currently allowed. For a given time step r, time
horizon T, the over-approximations of the initial set )y and the input contribution V,, the
reachable set  at time ¢ = kr can be recursively obtained by making use of the set equation
Qi = DQ_1 ® V. where ® = "4 For the case of support functions, the formal equation is as

follows:
pa, (1) = paq,_, (1) + py, (1)
= pa,_, (211) + pv, (1) 2)

’ : |
= poy (@7°1) + 425 v, (9771).

This equation represents the core of the recursive scheme for the computation of the flowpipe
within continuous modes. Depending on the implementation and the over-approximation of the
initial set and the input contribution, five scenarios are made available:

1. The NoScale scenario is an implementation of the approach detailed in [15] with the
corresponding input and initial set over-approximations.

2. The ConstU scenario is based on the assumption that the input remains constant within
small time steps. The basic algorithm is given in [2].

3. The SpaceEx scenario is an implementation of the approach described in [7] with a constant
time step.

4. The AlgoInv scenario is an improved implementation of the algorithm suggested in [14].
Contrary to previous scenarios, this scenario is able to handle invariants within continuous
modes. The check and the computation of the intersection with an invariant described as
hyperplanes or halfspaces is done using property 7 of support functions.

5. The AlgoInv2 scenario is an alternative implementation of Algolnv allowing a paralleliza-
tion of the computing process.
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Figure 3: User setting possibilities for the configuration of the reachability analysis.

For the initialization of the ConstU scenario, the user can choose between the ConstU, Pre-
ciseOmegal and SpaceEz over-approximation methods for the initial set. These methods are
described in [2], [14] and in [7] respectively. However, if SpaceEx, AlgoInv and AlgoInv2 sce-
narios are chosen, only the PreciseOmega0 and SpaceEx can be used for initialization.

We mentioned that the handling of intersections with guards is based on property 7 of
support functions. However, owing to the inequality, this property can only result in an over-
approximation of the intersection. A possible improvement of this approximation can be ob-
tained by recalling the following property

psins, (1) = infuern (ps, (W) + ps, (I = w)), (3)

where 51,52 C R™ are two convex sets and [ € R™ [8].

For the case of guards defined as hyperplanes H, = {x € R" : (d,z) = e} with d € R” and
e € R, the intersection according to (3) can be reduced to the minimization of the following
univariate linear piecewise function

pSme (l) = ianeR (ps(l — )\d) + )\6) . (4)

For guards defined as halfspaces H; = {x € R" : (d,x) < e}, the intersection is obtained by
solving the following minimization problem

psni, (1) = infyer+ (ps(l = Ad) + Ae) . (5)
We implemented the following five methods for the intersection of reachable sets with a
hyperplane.

e fminsearch is a direct Nelder-Mead sequential simplex algorithm, part of the MATLAB
optimization toolbox.

e fminunc provides an alternative iterative method for solving unconstrained nonlinear op-
timization problems based on the Broyden Fletcher Goldfarb Shanno (BFGS) approach.



e dichotomicSearch is a reimplementation of the dichotomic search method proposed in [14].
e RayAlgo is an enhancement of the sandwich approach suggested in [8].
e fast intersection is an application of property 7 of support functions.

For the intersection with halfspaces, the following options are made available:

e fminbnd is a combination of the golden section search and the parabolic interpolation
methods and is a part of the MATLAB optimization toolbox.

e fmicon is a Sequential Quadratic Programming-based (SQP) algorithm provided by the
MATLAB optimization toolbox.

e RayAlgo as above.

e fast intersection as above.

5 Experimentation and Testing

Our prototyping implementation is evaluated using the suite of the linear benchmarks described
in [11]. The toolbox and the input files of the selected benchmarks are available as open-
source [12]. Essential characteristics of the tested benchmarks are summarized in Table 1. The

Benchmark Contlnu?us dimension modes invariants transitions guards guzfrfi reset
dynamics condition
1. BB: 1eq.t
Bouncing Ax+Bu+b 4 1 yes loop multiple - yes
1 ineq.
ball
2. CM:
Colliding Ax+Bu 4 1 yes loop 1 1 eq. yes
masses
3. CC: 1 eq.+
Cruise Ax+b 3 [§ yes 11 multiple od yes
4 ineq.
control
4. Flower:
transient Ax 2 4 yes 2 1 1 eq. no
in flower
5. TT:
‘ 2-tanks H Ax+Bu+b 2 4 yes 7 1 1eq. no ‘
. 1eq.+
6. Nav3x3 Ax+Bu 4 7 yes 16 multiple . no
2 ineq.
. 1 eq.+
7. Nav4x4 Ax+Bu 4 14 yes 34 multiple . no
2 ineq.
- . 1eq.+
8. Nav5x5 Ax+Bu 4 23 yes 58 multiple . no
2 ineq.
9. 3R-2MH:
8 memmsr Ax-+b 3 7 /es 22 multiple 2 ine no
2 movable axt y it a-
heaters
‘ 10. 5D-LSS H Ax+Bu 5 5 no 5 1 1eq no
11. 3V-P:
3-vehicle- Ax+Bu 9 2 no 2 spontaneous - no
platoon
12. 5V-P:
5-vehicle- Ax+Bu 15 1 no - - - no
platoon

Table 1: Essential characteristics of the benchmarks used for the tool assessment.

benchmarks differ not only in the description of their linear dynamics but considerably in their



complexity. In fact, the complexity increases on one hand with the dimension of the system
and on the other hand with the number of locations and the transitions between them. The
nature and the number of conditions describing the guards has also a crucial impact on the
complexity. In addition, the presence of invariants inside the locations adds to the complexity
of the proposed benchmarks. We tested the scalability of the tool with respect to the number of
variables, locations and transitions. Different parameter settings and scenarios for the flowpipe
constructions were furthermore investigated. Table 2 shows for each benchmark of Table 1
the corresponding parameter setting and some selected results obtained using HyReach. For
this evaluation, the MPT-CDD-Criss-Cross algorithm for the support function computation
and the fast-intersection for both equality/inequality-guard intersections have been selected.
We used an Intel Core 15-2520M @ 2.50GHz laptop with 8 GB of RAM and Matlab R2014a.
As results, we note in Table 2 the time complexity and the resulting interval enclosures of the
reachable sets. The reachable sets are given as 2D-projection plots. We present for brevity
just a few of them. We choose as illustrative examples the cruise control, the transient in
flower, the two tanks and all navigation benchmarks proposed in Table 1. Their corresponding
reachable sets are given in Fig.4. The controlled platoon of three trucks (3V-P) described in
[2, 3] has been considered separately for testing our spontaneous transition implementation with
the fixed point option. The graphical description of the benchmark is illustrated in Fig.5(a).
In the corresponding textual description, this particular kind of transition is coded as follows:
transitions{location nb. }.spontaneous = true;

transitions{location nb. }.timeelapse = -1;

We chose via GUI the tolerance ¢ = 0.001 as equality tolerance for checking the fixed point. The
test of equality between reachable set using tolerance ¢ was set via the GUI to take place every
time step. Different 2D-projections of the computed reachable sets are plotted in Fig.5(b-f).
The blue sets there correspond to different fixed points found in each location. For the test of
scalability, we used the scalable LQR-based platoon proposed in [4] as benchmark. The last
row in Table 1 corresponds to this benchmark with a number of vehicles n = 5. Each vehicle
extends the state vector of the platoon with three new states, the gap to the vehicle ahead, its
derivative and the acceleration. The dimension of a platoon of n vehicles is therefore equal to
3n. We performed further tests for n = 10, 15, 20, with the same parameter setting as in Table
2. We noted as expected a considerable increase in the computation time with the number of
vehicles. But the computation ended with the intended results, namely all 2D-plots and interval
enclosures. We were even able to obtain similar results with a time horizon 7' = 30s and a time
step 7 = 0.001.

Furthermore, we performed a comparative evaluation of the available methods and their possible
combinations using the same suite of benchmarks. Details and results of this comparative study
will be the topic of a future publication.

6 Conclusion

We present the toolbox HyReach for the computation of reachable sets of linear hybrid systems
with uncertain inputs. It allows for different scenarios for the computation of the flowpipe inside
continuous modes with and without invariants and also for different initial set options. It offers
the possibility to choose between different optimization algorithms for the computation of the
support function using the Matlab optimization toolbox or the MPT and the CVX toolboxes
as plug-ins. Furthermore, the direction template is chosen by the user. For handling transi-
tions with equality and also inequality guards, many methods are made available in HyReach.
We present some experiences and comparative evaluations of the available methods and algo-
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Figure 4: The resulting flowpipes of some benchmarks of Table 2. (a) The flowpipe of the
cruise control as projected on the plane (t,v). (b) The flowpipe of the trajectory in flower
benchmark. (c) The flowpipe of the two-tank benchmark. (d) The flowpipe of the navigation
3x3 benchmark as projected on the plane (xx,yy). (e) The flowpipe of the navigation 4x4
benchmark as projected on the plane (xx,yy). (d) The flowpipe of the navigation 5x5 benchmark
as projected on the plane (xx,yy).

rithms using a suite of benchmarks. We note in general that the performances of these different
methods and algorithms are similar for small dimensional benchmarks with small number of
transitions and small number of directions. Once, one of these threeproperties becomes large,
some methods and algorithms are shown to be more efficient than the others.

Within the HyPro-project [11], we are actually implementing a library for different represen-
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tations of state sets for hybrid systems and their different geometric operations. This library
includes orthogonal rectangles, zonotopes, polytopes, support functions and Taylor models. We
are working towards the goal of a user-configurable reachability analysis.
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o d6:[-10.994;3.262]
e First d7:[-9.690;1.411]
12. 15 0.1 1 ConstU ~ ConstU  Oct 3;:3?87 (irre- 52.911 | d8:[-2.141;2.206]
lolg.  levant) d9:-11.288;3.533)]
P d10:[-5.927;0.890]
Uio d11:[-1.275;1.321]
= d12:[-11.459:3.700]
d13:[-2.836;0.433]
d14:]-0.600;0.625]
d15:-11.539;3.779)]
Table 2: Some obtained results of the benchmark list of Table 1.
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