
Alternans Bifurcation

• Plotting APD as a function of 
cycle length (period) shows a 
period-doubling bifurcation.

• At short cycle lengths, the 
curve usually terminates when 
every other beat is blocked.
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PROJECT SUMMARY
Electrical alternans is a phenomenon characterized
by a variation in the successive Action Potential
Durations (APDs) generated by a single cardiac cell
or tissue. Alternans are known to initiate re-entrant
waves and are an important physiological indicator of
an impending life-threatening arrhythmia such as
ventricular fibrillation. The bifurcation analysis we
perform determines, for each control parameter 𝜏 of
the MS model, the bifurcation point in the range of 𝜏
such that a small perturbation to this value results in a
transition from alternans to non-alternans behavior. To
the best of our knowledge, our analysis represents
the first formal verification of non-trivial dynamics in a
numerical cardiac-cell model.

Our approach to this problem rests on encoding
alternans-like behavior in the MS model as a 11-
mode, multinomial hybrid automaton (HA). For each
model parameter, we then apply a sophisticated,
guided-search- based reachability analysis to this HA
to estimate parameter ranges for both alternans and
non-alternans behavior. The bifurcation point
separates these two ranges, but with an uncertainty
region due to the underlying 𝛿-decision procedure.
This uncertainty region, however, can be reduced by
decreasing 𝛿	at the expense of increasing the model
exploration time.

BACKGROUND & MOTIVATION

• Cardiac alternans appears as  a beat-to-beat long-
short  alternation of action potential duration (APD) 

• Alternans often leads to fibrillation

• Period-doubling 
leads to chaos
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MITCHELL-SCHAEFFER (MS) MODEL
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FORMAL DEFINITION OF ALTERNANS

BIFURCATION ANALYSIS OF ALTERNANS

• Finding bifurcation 
points (BPs) that split 
the parameter space 
into alternans and non-
alternans regions 

- 𝜎: (possibly infinite) 
voltage signal

Given, 

- 𝜏5 	> 	0 and 𝜏7 > 	0: APDs two 
consecutive AP cycles where 
𝑟	 = 𝜏7/𝜏5

- 𝜎		exhibits: alternans (non-alternans)
with respect to 𝑟:; when |𝑟 − 1| 	> 	𝑟:;
(|𝑟 − 1| ≤ 	 𝑟:;) is invariant
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Fig. 3: A typical wave form for the stimulus current Is(t) with period=BCL and
stimulus duration = ⌧s.

To handle this type of stimulus signal in the MS model, we split the voltage
dynamics into two separate modes: a stimulus mode and a non-stimulus mode.
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(a) Detailed MS Automaton
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(b) Simplified MS Automaton H
M

Fig. 4: The four-mode hybrid automaton for the MS model. The primed version
of variables is used to indicate the reset map of a given transition. Variables not
shown in the reset map are not updated during the jump.

Since the dynamics of variable h is also separable into two modes, we can
represent the MS cardiac-cell model as a four-mode hybrid automaton (HA)
whose schematic is shown in Fig. 4(a). We add an additional state variable ⌧
that serves as a local clock for time-triggered events; for example, the transition
from a stimulus to a non-stimulus mode or the transition from the current AP
cycle to the next.

Due to the following observations, we can simplify this HA by removing
certain edges:

– v < Vg will not occur in “Stimulation Mode 1”, as the value of v always
increases in this mode
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We first explain the steps used to encode alternans as an HA based on HM ,
and then follow similar steps to encode non-alternans as another HA. We con-
sider alternans as a safety property and characterize it using a so-called safety

automaton [2]. For our purposes, a safety automaton is an HA with modes ad-
ditionally marked as accepting or non-accepting, and with the property that no
accepting mode can be reaching from a non-accepting mode. After first deter-
mining that HM has completed Ntrans transient cycles, our safety, or observer,
automaton HO repeatedly computes two successive APDs ⌧1 and ⌧2, and checks
if the condition for alternans (Definition 1) is violated. If so, the automaton
enters a trap (i.e. non-accepting) state, from which it never exits. If no such
violation is detected, then the observed sequence of cycles is accepted. Thus, in
HO, there is a single non-accepting mode named “Trap”; all other modes are
accepting. Note that HO uses the v and ⌧ values from HM to determine when a
cycle has completed and to compute APD values.
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Fig. 6: The hybrid automaton HO for the observer. The number after the colon
in each mode name gives a number to the mode. Mode “Trap” is non-accepting;
all other modes are accepting.

Fig. 6 presents observer HA HO for the alternans problem. As, by definition,
APD is the time period in each AP cycle during which v � VT , an APD event
can occur only in “Stimulus Mode: 1” and “Non-stimulus Mode: 1” in HM . So
to compute APD, the observer splits “Non-stimulus Mode: 1” into two modes:

PRODUCT AUTOMATON FOR ALTERNANS: 𝐇𝐀

PRODUCT AUTOMATON FOR NON-ALTERNANS: 𝐇𝑵

• Bifurcation Analysis using dReach:
- Can not compute exact BPs (Undecidable

problem)
- Instead, by applying a recursive search

procedure and refining 𝛿 on dReach, computes
small intervals (URs) such that each one
contains a BP. Additionally, it computes alternans
(AR) and non-alternans (NR) regions

- In search procedure, parameter synthesis
problem is solved recursively on current
subrange until dReach label the subrange as AR
or NR or it becomes smaller than current 𝛿 on
dReach
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Fig. 9: Bifurcation analysis of alternans. Red: AR, Green: NR, Gray: UR.

recursive search procedure, in a binary-search-tree-like fashion, computes AR

and NR and reduces UR.

5 Results

In this section, we present the results of performing bifurcation analysis of alter-
nans over five parameters in the MS model using Algorithm 1. When we perform
bifurcation analysis for a parameter, we fix the other parameter as follows:
[Vg, rth, Ntrans,BCL, ⌧in, ⌧out, ⌧open, ⌧close] are set to [0.1, 0.2, 2, 300, 0.3, 6, 20, 150]
unless specified otherwise. The fixed initial condition ✓0 for HA and HN were
taken as v(0) = 0.2, h(0) = 1 with CN (0), ⌧(0), ⌧1(0) and ⌧2(0) all set to zero.

For the bifurcation analysis of alternans for BCL, we consider the range as
[300, 330], �0 = 0.5. We perform the bifurcation analysis for three di↵erent rth
values. Fig. 10, for three di↵erent rth, illustrates the partitioning of the range of
BCL into three regions: AR, NR and UR and Table. 1 shows the corresponding
subranges computed by Algorithm 1. We also overlay the simulation-based bi-

furcation diagram to help visualizing the position of the bifurcation point. The
sequence of figures illustrate how the bifurcation region returned by dReach
approaches the exact bifurcation point as rth approaches zero.

r
th

AR NR UR

0.2 [300, 304.256] [304.258, 330] (304.256, 304.257)
0.1 [300, 311.4675] [311.4685, 330] (311.4675, 311.4685)
0.05 [300, 317.915] [317.918, 330] (317.915, 317.918)

Table 1: Parameter ranges for alternans and non-alternans and uncertainty re-
gion.

We summarize the bifurcation analysis for other parameters in Table 2 for
rth = 0.2 and Fig. 11 shows their bifurcation diagrams.
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(b) Recursive search in action
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(b) Steps in dReach-
based Analysis

• Parameter (𝜏) Synthesis problem on 𝐻. and 𝐻,:
- Augment both HA with �̇� = 0, where parameter 

range, R0 = [𝜏, 𝜏]
- Subrange 𝑆0 ⊆ 𝑅0 produces alternans (non-

alternans), if	∀𝜏 ∈ S0, goal state of 𝐻,(𝐻.) is not 
reachable 
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