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ACC (2d) + Lane Keeping (4d)
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Safety specifications: maintain safe headway (ACC) and stay
in lane (LK)

Problem is six-dimensional with disturbance and nonlinear
interconnections: intractable for “traditional PCIS”

Approach: Decomposition
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Ø  Interdependence 
quantification via convex 
over-approximation 

Ø  Ability to handle nonlinear 
terms in uncertain system 
dynamics exploiting mono-
tonicity or convexity 

 
Ø  Two methods for 

computing separable 
invariant sets: 

Ø  Iterative decoupled 
computation 

Ø  LMI-based centralized 
computation 

CAREER: A Compositional Approach to Modular Cyber-Physical Control 
System Design 

Necmiye Ozay, Department of EECS, University of Michigan 

Results-to-date: 
Overall Objective: 
•  Modularity to manage complexity during both 
design- and life-cycles for CPSs 
•  At the discrete-level: computing local 
assume-guarantee specifications per 
subsystem from a global specification 
•  At the continuous-level: decomposing a 
system into possibly uncertain subsystems 
•  Developing correct-by-construction control 
synthesis techniques that can handle 
uncertainty and partial information  
•  Understanding structural system properties 
that facilitate composition and decomposition 

Project Start Date: January 2016 

Participants: 
•  Graduate Students 
 Yunus E. Sahin, Petter Nilsson, Kwesi Rutledge 

•  Undergraduate Students 
Stanley W. Smith, Andrew Wagenmaker, Ryan Wunderly 

Ø  Handles input and state constraints, external 
disturbances 

Ø  Takes advantage of disturbances that can be measured 
at run-time 

Ø  Handles arbitrary information sharing patterns (e.g., 
which subsystem has access to which other 
subsystems’ states) 

Ø  Allows trading off between online vs offline computation 

•  Compositional Invariant Synthesis via Contracts 
Ø  Main idea: separately synthesize controllers for 

interdependent subsystems with guarantees on 
composition 

•  Correct-by-construction Controllers in Mcity 
Ø  Setup for quick deployment 
Ø  Synthesized code is automatically integrated to Simulink 

(enables C code generation) 
Ø  Collaboration with Mathworks to build a bridge: same 

code runs with high fidelity simulators (e.g., Carsim) and 
on the real car with Polysync as middleware 
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Provably safe composition of two autonomous driving functions via set-based contracts

Stanley Smith, Petter Nilsson, Necmiye Ozay

Introduction

For society to trust that automated systems will operate as expected, it is
necessary to provide safety guarantees regarding their behavior. In the case of
autonomous vehicles, the ability to do so is becoming increasingly important as
more safety regulations are being enacted. Therefore, our motivation is to allow
companies to assure safety o�cials that complex automated systems can be
trusted to be safe.

Our approach can be outlined as follows:

IConsider the system as a composition of multiple subsystems

IEach subsystem’s dynamics are dependent on the other subsystems’ states

IUse assume guarantee reasoning to create subsystem contracts in the form of
polyhedral invariant sets (Figure 1)

IDesign sets such that, if every subsystems remains in its set, the overall
composition is guaranteed to be safe
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Figure 1 : Invariant sets for ACC and Lane Keeping that represent contracts

Main contributions

IDecomposed synthesis with overall guarantees

I Interdependence quantification via convex over-approximation

IAbility to handle nonlinear terms in uncertain system dynamics

IMonotonicity and convex projection approaches to finding convex hulls

IDemonstration with application to ACC+LK

I. Convex over-approximation

To quantify the interdependence between the subsystems, we take the state
dependent terms of each subsystem’s dynamics and then arrange them into a
function which we wish to cover with a convex over-approximation (see Figure 2).
The resulting convex hull can then be used to find a family of linear systems (see
II. below).

We suggest two methods for finding these convex hulls depending on whether the
aforementioned function exhibits certain properties - specifically, convexity and
monotonicity. Such an approach is proven to not introduce conservatism.
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Figure 2 : The range of a function f (v) = [f1(v), f2(v)] covered using the convex hull method
(left) and the monotonicity method (right). The results can be used to over-approximate a system of
the form ẋ = A(v)x, where the terms in A(v) are linear combinations of f1 and f2.

II. Families of linear systems

A vertex of each resulting convex over-approximation corresponds to a member of
a family of linear systems for the associated subsystem. The family of linear
systems for each subsystem is a set of linear systems that has been constructed
such that its convex hull covers all the possible values of the subsystem’s dynamics
(which are dependent on the states of the other subsystems). We find such a
family for each subsystem, to be used during robust safety synthesis.

III. Robust safety synthesis

We first define the one-step backwards reachability operator of a set X of a family
of systems. We iterate this operator on a safe set Y as

C0 = Y, C

k+1 = Y \ Pre{S
i

}
i2I(Ck

)

in order to converge inward to the maximal invariant set within Y . These
iterations may not converge in a finite number of steps, so they are “robusitified”
in the following manner as C0 = Y, C

k+1 = Y \ Pre{S
i

}
i2I(Ck

 B1(0, ✏))
which is guaranteed to converge in a finite number of steps to an inner
approximation of the maximal invariant set.

Image credit: Bosch

Example: ACC + Lane keeping

As an application, we synthesize controllers for two autonomous driving functions:
adaptive cruise control and lane keeping. These subsystems exhibit
interdependencies on eachother which manifest as state dependent terms
appearing in the dynamics of each subsystem. We use the method outlined in I. II.
and III. to compute controlled invariant sets for each subsystem. During
simulation (shown in Figure 3), we choose steering and tire force inputs to enforce
the state constraints imposed by these sets.

Results:

IAll bounds are respected throughout the simulation as expected

IControllers show ability to handle full level of system disturbance

IPositive results are achieved both in Simulink and Carsim
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Figure 3 : Simultaneous implementation of ACC and LK controllers
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Set-based assumptions (Ass.) and guarantees (Gar.) 
between different modules that are used in 
synthesizing the safety-controllers compositionally. 

Novel 
parameterized 
contracts and 
estimation 
contracts 


