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Learning Models of Human Behavior

With new services and emerging markets, humans
are transitioning from passive to active participants
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behavior and preferences from data
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What do we want out of these models?

Demand
“\  Response

.....

Power

* Accuracy: for use in control and incentive schemes.

* Interpretability: policy makers, system designers, etc.
need to be able to understand what the models are
capturing.
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Risk-Sensitive Decision Making

“Internal state”
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observation

People are not completely rational agents
* Treat losses and gains differently

 Make decisions based on:

* Warped event probabilities
» Comparisons to reference points

[2],3]



Prospect Theory

1.

[2]-[4]

People tend to warp event probabilities:

 QOverweight low probability events
* Underweight high probability events

People compare outcomes to reference points

 Qutcomes with higher values are “gains” and
losses otherwise

 [osses tend to loom larger than gains

Risk-Attitudes are impacted by the reference

points

 People are risk-averse on gains and risk-
seeking on losses (concave vs. convex) shape
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Risk-Sensitive Q-Learning

e MDP Framework:

* We consider a class of finite MDPs {,A,P.R}, where
-State space
* A - Action Space
* P(x’|x,a) - transition Kernel
* R: X x A — R -reward function

* Agents are Risk-Sensitive and process their observations through their value

functions
internal state

reward

action
risk sensitive @ @
decision-making

fobservatlon




Value Functions
Prospect Theory:

Incorporates reference point, 7o, and different risk sensitivities for gains and losses

*  Kahneman & Tversky: u(y) = c+(y — o)+, ity =g
c_(y—r9)’~, otherwise
* Llog Erospect Func.t|on.: | ey log (py(y —ro) + 1), ify > 7
« Lipschitz approximation to classical u(y) = .
prospect theory function c—log(p—(ro —y) + 1), otherwise

Entropic Map:

e Historically used in economics and finance to model risk-sensitivity, A
determines risk-sensitivity

u(y) = (e~ 1)

[2]-[4]



Valuation Functions

Valuation functions generalize the expectation to capture risk-
sensitivity:

Y :RII x P — R isa Valuation Function if for each p € P :

1. It is monotonic - V,(Y) < V,(Z) whenever Y < Z

2. It is translation invariant - V,(Y +¢) =V,(Y) 4+ c for any ¢ € R

In the risk-sensitive MDP formulation, we introduce the valuation map:
VoY) =V, .(Y|z,a) :RIx X x A5 R
where: g, .(z') = P(2'|z,a)

[4]-[6]



Utility—Based Shortfall Valuation

We use the utility-based shortfall valuation map:

* Comparison to an “acceptance level”, x,

 Long been used it mathematical finance, and economics
ViaY)=sup{m € R|E, ;[u(Y —m)] > zo}

* For simplicity we often use, x,=u(r,)



Risk-Sensitive Q-Learning

We start by defining the cost-to go associated with a policy T and
initial state x,:

J(m,xo) = V7, [R(a:o, ag) + Vg, [R(:Ul, ai) + ...+ YV, [R(xT,ar) + ]H

Now we can define the value function, V" of the MDP:

If V* satisfies: V*(zq) = mg(x) Veo [R(z,a) +yV*(2")]
ac T

then, for all x € X: V* = max J(m, x)

Now, given our value function, we define our Q-function: Q*(x,a) = ¥;.a(R+ YV*)

Q*(x,a) =714 (R—i—ymaxaeA(x,) Q*(x’,a)) , ¥V (x,a) e X XA

[4]-[6]



Risk-Sensitive Q-Learning

Q-Learning Risk Sen5|.t|ve
Q-Learning
Q*(z,a) = E; [R + valrengé,) Q* (=, a,’)] Q*(z,a) =Viq |R+ fyalrenjé/) Q*(z',a")
E[R + Y max Q*(2',a) — Q" (z,a)] =0 Elu(R(z,a) + Y max Q*(z',d") — Q*(z,a))] =z

Risk =Sensitive Q-Learning Update: The value function is applied to the temporal differences

Qr+1(Tt, at) < Qr(wt,as) + olu(ry + Y max Qi(Tt41,0) — Qr(Tt, at))] — zo

[4]-[6]



Inverse Risk-Sensitive Reinforcement Learning

We assume that the agent in question (the human) is operating according to our forward
model:

“internal state”
reward

. . action @ :#;mm

decision-making

— ST
e

observation

[Goalz

Given observations of an Agent’s sequential
decisions, we would like to infer the decision-
making model of the agent.

\_ J




We assume that the agent (the human) is operating according to our forward model,
meaning:

e Dynamics: Agent operates in M = {X, A, P, R} with discount factor 7.

e Decision Making Model:

— Agent’s value function u, belongs in a parametric class:
{’U,gl}gl, u:Yx@1 —)R, Ug, Y - R

e.g. class of prospect theoretic value functions where 8, = {k_, k., 1,1, }.

— The policy, 7, is a deterministic function of the @-function, and be-
longs in a parametric class {mp}¢ e.g. soft-max

exp(BQ(z,a,0))
Za’eA exp(BQ(x,a’, 0))

mo(alx) = Go(z,a) =

where 0 = {01,8,~7} € ©



Optimization Formulation

-

\_

Given the and data from the agent operating in the MDP, D = {(zx, ax)}1—;,
we would like to tune the parameters @, to minimize some loss, £(0) = £(mg):

lggg{ﬁ(ﬂe)\ﬂe = Go(Q),us}

~

Goal: We would like to solve this using gradient methods.
(Why? — easy to implement and use local information, large
number of approaches, potentially scalable,...)

e



Optimization Formulation

Goal: We would like to solve this using gradient methods.
(Why? — easy to implement and use local information, large
number of approaches, potentially scalable,...)

Challenges: @

* Problem is highly non-convex - many parameterizations
can yield the same loss

* Computing the derivative of £ wrt @requires computing
the derivative of Q" wrt 61
* ingeneral, §; — Qp, isnon-differentiable

Dy, 1y (a|x) = mg(alx)Dg, In(mg (alx))
— Tto (a\x)ﬁ (DQAvQ*@C: a, 9> — 2 aeATlo (a,’x)DQkQ* (X, a, 6))



Optimization Formulation — Gradient Calculation

assumptions on u: Y x ® — R:
1. continuous, strictly increasing in y & for each 6, 3 yg, u(yo,0) = rg
2. it is Lipschitz in y & locally Lipschitz on ®

3. 3 € >0 such that g < “001-u0n0)

N\

)
Thm'?: Assume that u: Y x ® — R satisfies the above assumptions.
Then the following statements hold:

(a) Qp is locally Lipschitz-continuous as a function of 6

(b) Except on a set of measure zero, the gradient Dg(Qjp is given by
the solution of the fixed—point equation

0o (x,a) =QE . |Doii(y(6),0) + Dyii(y(6),0)
(V9o (¥, a) — do(x.a))| + 9o (x,a)




Optimization Formulation — Loss Functions

lggn{f(ﬂe)\ﬂe = Go(Q"),up}

1. negative log-likelihood: £(0) ="\ s)czlog(ms (X, a))

2. negative weighted log-likelihood: £(6) =" o)co w(x,a)log(me (x,a))

3. relative entropy or KL divergence: ¢(0) =" ,c9 DkL(%(-|x)||mo (X))
Why one or the other?

* |n general, the inverse problem is ill-posed

* The log-likelihood loss function encourages mimicking the observed
behaviors (may over fit to states that are over-represented in dataset)

 The KL-divergence prioritizes finding parameters that match the empirical
policy across all states uniformly.



Sample Complexity

How can we assess how the performance of our algorithm varies with the
amount of data”?

* Challenge: We do not have access to the policy of the “true agent” (- |x), but to the
empirical policy of the agent m,, (- |x)
* Challenge: Non-convexity of the objective function

4 N

Using properties of the SLLNs and properties of discrete probability distributions,
with probability 1- p :
2 2|A|

1/2
Imo(fa) = m(4a) < |41 25 1og 220 ) T+ [ma(le) — (o)

o /




Sample Complexity

1/2
ImoC1a) = )] < 4] (o5 log 2 )+ [ ) = )

\ J
\ y J Y

[Depends only on data ] [ Depends only on training error ]

* This gives us a bound, per state, on how well the learned value function can recreate the behavior.

* |talsoimplicitly tells you, what states you are most uncertain about and therefore which states you
should collect more data from.

* Thus, at best, the convergence of the policy under the learned value function to the “true” policy is

O (\/iﬁ) where n is the number of trajectories sampled from the agent.



Example 1: Risk-Sensitive Agents in Grid World
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Dynamics:

* Black and Green states are absorbing

* The agent moves in their desired direction
with probability 0.93 and a random other
direction with probability 0.07



Behavior 1
Bl Behavior 2
+0.1 | +0.1 [ +0.1 | +0.1 | +0.1 [ +0.1 | +0.1
Bl Behavior 3
+0.1 | +0.1 | +0.1 | +0.1 | +0.1 | +0.1 | +0.1 B Bchavior 4
+0.1 [ +0.1|+0.1 | +0.1 | +0.1 | +0.1 | +0.1 ] Bl Behavior 5
+0.1 | +0.1 | +0.1 | +0.1 | +0.1 | +0.1 4
+0.1 | +0.1 +0.1 | +0.1 | +0.1 )
T
0.1 | +0.1 0.1 | +0.1 | +0.1 |
+0.1 | +0.1 | +0.1 | +0.1 | +0.1 | +0.1
+0.1+01 | +0.1 | +0.1|+0.1 | +0.1 i
+0.1 | +0.1 | +0.1 | +0.1 | +0.1 | +0.1 | +0.1
Value Function Prospect L-Prospect Logarithmic Entropic
Behavior Mean Var Mean Var Mean Var Mean Var
1 0.019 | 6.3e—4 || 0.013 | 2.3e—4 0.014 | 2.7e—4 || 1.6e—3 | 5.1e—6
2 0.015 | 2.0e—4 || 0.010 | 9.6e—5 || 4.0e—3 1.6e-5 || 2.6e—4 | 1.4e—7
3 0.020 | 3.6e—4 || 0.011 | 1.3e—4 0.036 2.9e-3 || 2.2e—3 | 1.5e—5
4 0.016 | 2.0e—4 || 0.012 | 1.4e—4 0.084 0.014 || 4.6e—4 | 1.8e—7
5 0.047 | 3.0e—3 || 0.010 | 3.4e—4 0.14 0.033 || 6.6e—4 | 2.2e—7




Even though the problem is ill-posed, the true and learned value functions are similar when scaled.
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Sample Complexity — Qualitative Results

7o(2) — 7( o) < O (%) £ mo(le) — Tl

For each data point:
—-—- y=0.04x""

0.012

1. 5 datasets of the given size 0.010
were collected.
0.008
2. For each dataset, the IRL was
performed with 5 random
initializations and the best
performance on each dataset 0002 | I
was recorded and averaged "‘L; N
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Sample Complexity — Qualitative Results

This suggests the limiting factor in how well our IRL approach can perform, is how well the data
approximates the true policy

0.012

0.010

0.008

0.006

Average TV Distance

o
)
o
N

0.002

0.000

2000 4000 6000 8000 10000
Number of Trajectories Sampled

-

7o) — 71z = O (

g

3=




Example 2: Ride Sharing

Sensitivity of agents to travel time and cost of ride-sharing
trips

1. We collected data from a ride-sharing service and

constructed an MDP, where the rewards had noise and
were a mix of travel time and price:

i.  The states are price multiplier —time of departure
tuples.

ii. The actions are to either wait, or take a ride. - '
|

)

all ‘
Travel time to 400 50th St SE, Washington, X

DC was 4

. . . . v 39min 31sec
iii. If the agent takes a ride, they exit the grid, otherwise v ]

/Jg__v-

they move to the next time step and the surge price
increases or decreases with dynamics derived from data.

2. We then trained various agents in the MDP and
performed the [-RSRL.



Example 2: Ride Sharing

true

.320.240.230.
* |n each state we show the

probability of taking the ride at the
current surge price

.640.58 0.6 0.470.580.5880.

.820.720.750.760.740.67 0.
* An agent that is risk-seeking on

losses waits longer to take a ride if
the surge is high

.870.850.860.890.890.880.

learned

.310.230.230. [
0.2 Again, the |-RSRL learns a
640.580.590.470.580.570. )
0.0 value function that can
810.710.740.760.730.660.77 0.820. accurately recreate the

policy of the agent.

0 1 2 3 4 5 6 7 8 9 10 11
time



Summary

1. Overview of Risk-Sensitive Decision Making
2. Risk-Sensitive Q-Learning

3. Inverse Risk-Sensitive Reinforcement Learning
* Problem Formulation
* Theoretical Results
* Example: Risk-Sensitive agents in Grid World
* Example: Sensitivity to Surge-Pricing in Ride-Sharing



Conclusion and Future Work

 Design control and incentive schemes around the learned value functions
to achieve some system goal

* Incorporate different risk measures (VaR, coherent risk measures, etc.)
* Learning representative utilities from populations of users
 Learning reference points

e Natural Gradients
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