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Motivation

Partially Observable Markov
Decision Processes (POMDPDPs) arise
in many real-world settings where
decisions need to be made over time
and under uncertainty

Finding an optimal policy is a

notoriously difficult problem

We aim to determine conditions such
that the optimal policy has a nice form




« State space, &

# Action space, U

+ Transition probabilities, p},

* Observation space, )V

* Observation probabilities, 7,

+ Cost function, ¢c: S xU — R

« Discount factor, 8 € (0, 1)
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* The sufficient information for making an optimal
decision is summarized by a belief 7, € A(S)

* The goal is to find a policy g : A(S) — U to minimize
the total expected discounted cost

-7 _
d, Zﬁtc(st,ut)
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Solving the POMDP

The sufficient information for making an optimal

A N T P P A o - A 7 O\
de«

Under what conditions does the optimal

Th policy have desirable structure?
the
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Definition (First Order Stochastic Dominance)

Given elements 7,7 € A(S), 7 is said to dominate 7
with respect to first order stochastic dominance (FOSD),
written 7 >, 7, if

n n

> 53w

j=i j=i
forall i =1,....,n
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Definition (Monotone Likelihood Ratio)

Given elements 7, 7" € A(S), 7 is said to be greater than =’
with respect to the monotone likelihood ratio (MLR),
written 7 >, 7, if

772-77;- > T

forall : > 7.

[Lovejoy 1987, Some Monotonicity Results for
Partially Observed Markov Decision Processes]
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* The existing orders assumed that the underlying
space is totally ordered

* We are interested in spaces S that are partially
ordered by =, i.e. posets (S, )

* That is, for some states s, s’ € S, neither s = s’ nor s = s

hold, such cases are denoted by s || s

+ Example: under the element-wise partial order >,

(2,1) =e (1,1) (1,2) || (2,1)
C,FORCES
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Definition (Generalized FOSD, White 1979)

Given elements 7, 7" € A(S), 7 is said to dominate 7’

with respect to generalized first order stochastic dominance
(GFOSD), written 7 =45 7, if

7T[K Z?T/IK

fOI'aHKEK:{KgS‘S]’EK,Si>‘Sj —> SZEK}
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* Consider the state-space S = {s1, s2, s3} and partial
order = such that
S3 =~ S1
§3 = 82

S1 H S2

* We have 7 =, n' if and only if

™ + T3 > 771 + 75

To + T3 > 7T§ + 75

3 > 7Té
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FOSD

MLR

T

total order

partial order

Porteus 1975 White 1979
Lovejoy 1987 ??7?
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« State space, &

« Action space, U
+ Transition probabilities, p;;
* Observation space, )V

* Observation probabilities, r ;qu

+ Cost function, c: S xU — R

« Discount factor, 8 € (0, 1)
(‘ FORCES
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* State space, S +— (5, ~)

“ Action space, U <+—— U = {ug(null), u;(reset)}, u1 > ug
+ Transition probabilities, p;}

* Observation space, Y +—— (), >=y)

* Observation probabilities, 7,

+ Cost function, ¢c: S xU — R

« Discount factor, 8 € (0, 1)
(‘ FORCES
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* State space, S +— (5, ~)

# Action space, U <+—— U = {up(null), us(reset)}, uy > ug

--------------------------------------
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Definition (Generalized Monotone Likelihood Ratio)

Given elements 7, 7" € A(S), 7 is said to be greater than =’

with respect to the generalized monotone likelihood ratio
(GMLR), written 7 = g, 7', if

mm; > mwim;  for s; = s
Egst
_ . / . .
mm; = mym; for s; || s
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# Recall the partially ordered state-space S = {s1, 2,53}
from before where S3 ~ 81, S3 >~ So, and S1 H S9

“ Two comparable beliefs under = gi-

— (02701,07) igl'r 77/ — (04702704)
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# Recall the partially ordered state-space S = {s1, 2,53}
from before where S3 ~ 81, S3 >~ So, and S1 H S9

“ Two comparable beliefs under >4
=(0.2,0.1,0.7)  =gr 7 =(0.4,0.2,0.4)

* The following beliefs are not comparable under =gir

m=(1,0,0) T T 7 T
' =(0,1,0) 1 1 0 0
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Definition (GTP, Matrix)

A stochastic matrix is termed
generalized totally positive of order 2
(GTPz) if for all Sk - S|

PLiPki — Pkipii = 0 for s; = s,
PliPki — PEkjPli — 0 for s; H Sj

& FORCES
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Definition (GTP, Matrix) Example
A stochastic matrix is termed i % % %
generalized totally positive of order 2 0 3 1
(GTPZ) if for all Sk - S| 0O 0 1
PLiPki — Pkipii = 0 for s; = s, S3 = 81
P1iPki — Pripii =0 for s; || s, 53 = 52
S1 || S2

Proposition

If 7>y, 7 then 7P =4, ' P if and only if P is GTPx.

(‘ FO RCES
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Let m =, 7 and assume that
1. c(s,u) is increasing in s on (S, )
2. c(s,u1) — c(s,ug) is decreasing in s on (S, >)
3. P* is GTP; for each uw € U

4.1y jw = TjuTiw forany s; || s; inS, y, =y Yy in Y
or s; =s;inS, Yy ||y YyoinY

5. T; tglr T for all S; > Sj

then g/ (7)) > g; («') for any t.
(‘ FORCES
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An Application in Security

* Question: at what point should

®© O O the network be reset?
© A@ (S, =) =(S5,2)
O/NO) O (Y, =y) = (2", D)

+ Transition matrix is GTP»

0.9 ¢
+ Reasonable conditions on
~ 4

observation process

goal nodes

« Optimal policy is threshold
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* We have derived conditions to ensure that the optimal
policy takes a threshold form

# The results are applicable to any partially observable
domain with a binary action space, U = {uq, u1 }

ug : lets system continue uninterrupted
u1 : resets system back to the initial state with certainty

+ Can be exploited computationally to design efficient
algorithms
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Questions?

Contact
umich.edu/~miehling/

miehling@umich.edu
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