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(b) Nonautonomous boundedness about zero: (Submitted to CDC [2])

(c) Stability to sets with bound on steady-state solution: (Submitted to
IROS [3])

(d) Nonautonomous boundedness about set: in progress (ICRA 20137).
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Symmetric Systems have Efficient Tests for Stability

e Overall goal: results for system integration through compositionality.
e Compositionality: system-level properties can be computed from local
properties of components

o System-level properties preserved when expanding system.

e |Initial focus: invariant properties for symmetric systems.

e Emphasis on general results, not limited to specific system dynamics.

e Initial results: symmetric systems and stability.

e These results are Lyapunov-based, so the natural extension is to passivity.
e Also working toward use of approximate symmetries.

e Prior and related work: [5, 8,6, 7, 10, 9, 1, 12]
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Symmetric Systems can be Constructed from Components

Consider a basic building block element:

TSB

where T 1

e 1 is the state vector:

e 1w is the vector of control inputs;

e wT arethe outputs; and,

e vT arethe coupling inputs.

Connecting the inputs to the outputs gives
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Periodic Interconnections are One Aspect of a Symmetric
System

Systems can be built with various topologies:
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Group Theory Allows for Generalization to Complicated Inter-

connection Topologies

Represent connectedness with
generators, {s1, ..., Sy} with
g2 = Sig1.

Cayley Graph:

o nodes = components

o edges = communication

Equivalent connections for two
systems if they have the same
generators.

Example: S = {—2,—1,1,2}.

Each component:

z; = fi(z) + gi(z)u
w; () = w; (z4(t)).
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A Symmetric System = Periodic Interconnections + Identical
Component Dynamics

A symmetric system has components with identical dynamics:

control laws
S
Ugy,j (561(75), wzi—lgl (z2(t)), .-, ws:—jlgl (CU|X|+1(75))> =

tns (10t 2O 0 (o130

S1 92

forallgy € G1,92 € Go,s € X,z € R",
(21,22, .., 2)x41) ER"XR" x --- x R"and j € {1,...,m} where

m = Mg, = Myg,.
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An Equivalence Class of Symmetric Systems Formalizes the
Idea of “Adding or Removing” Components

Two systems are equivalent if they are both symmetric with equal components
and the same generators.
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An Equivalence Class of Symmetric Systems Formalizes the
Idea of “Adding or Removing” Components

Two systems are equivalent if they are both symmetric with equal components
and the same generators.

What properties are invariant throughout the entire equivalence class?
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Conditions on V' Provide Stability for Entire Equivalence
Class

e Stability: if a symmetric distributed system is stable, so is any equivalent
symmetric system, so can “grow” or “shrink.”

o Growing: useful for analysis/design on a small system with guaranteed
invariance for larger equivalent systems
o Shrinking: reconfigurable robustness

e Robustness: stability in the sense of Lyapunov is guaranteed even when
components fail without any reconfiguration necessary.
e Requires a symmetric Lyapunov function: V' = » . _~ V; where

S

S1 | X
Vo (ml,ws_l (22),...,w

—1
1 91 3|X|gl

($|X|+1)) —

S
Vs (:Cl, w', (x2),...,w (CI?|X|_|_1))

S1 92 8|X|92

forall g1, 92 € G and (21,22, ...,2x|+1) €ER" X .-+ x R™.
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Formation Control Example Demonstrates Stability and Ro-

bustness

e From [11] second-order mechanical system agents:

T
d |i;|
dt Yi B
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e Goal=regular (N + 1)-polygon centered at the origin, hence

r1)
dij = < sin( 2 )
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e Take the control law to be ©u =
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Formation Control Example Demonstrates Stability and Ro-
bustness

Figure 1. Five robot stable formation control.
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Formation Control Example Demonstrates Stability and Ro-
bustness

Figure 2. Initial and final configurations.
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Formation Control Example Demonstrates Stability and Ro-

bustness
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Figure 3. Seventeen-agent formation control.
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Formation Control Example Demonstrates Stability and Ro-

bustness

Figure 4. Starting and ending configurations.
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Formation Control Example Demonstrates Stability and Ro-
bustness

Figure 5. Robust formation stability with agent failure.
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Formation Control Example Demonstrates Stability and Ro-
bustness
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Figure 6. Robust formation stability with agent failure: initial and
final configuration.
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Note: This is NOT Just “Adding Another Stable Component”
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Figure 7. Lyapunov functions for each individual robot a five-
vehicle system. Individual robots are not stable!
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Stability Results Have been Extended to Approximately Sym-
metric Systems

e Of course, in reality, there are no exactly symmetric systems

e Efforts in the past year have been to extend these results to approximately
symmetric systems

e The “usual”’ Lyapunov stability: to a point

e The “usual”’ LaSalle’s invariance principle: stability to a set

e A related issues is boundedness either from symmetry-breaking or
persistent nonautonomous inputs (surveillance)
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Conditions for Stability to a Set for Autonomous Approxi-
mately Symmetric Systems [13]

e Consider approximately symmetric system of the form
Tg(t) = fg (z4(F)) + ZQQ,J Tg(t)) ug,j (T4(t), x4(t))

t)) + Zgg,j (2g(t)) ug,j (xg(1), Tx4())

wy(t) = wgy (24(1))

o Idea: V for the symmetric part is more negative than any possible
contribution from f(x) + §(z)u.
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Conditions for Stability to a Set for Autonomous Approxi-
mately Symmetric Systems [13]

PROPOSITION: If

e d(x,dVy) represents the distance from a point x to the set of points where
V' for the symmetric system equals zero and

Vg

87(37(?) folzg) + Zgg,j(afg)ug,j (29, 7xg) | < 1d” (z,dV))
g

g=1

< cod (x, dV,
HaﬂfG > C2 (xa 0)7

f (@g) + g (2g) u (g, 2x9)|| < cad (x,dVp)

e Thenif cac3/c1 < 1 any solution starting in {2 approaches the largest
invariant set in the set of points where V;, = 0 as ¢ — oc.
e Applies to entire equivalence class.
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Formation Control Demonstration of Stability of Approxi-

mately Symmetric System
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Formation Control Demonstration of Stability of Approxi-
mately Symmetric System
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15

Figure 8. Trajectories for distributed control for an approximately
symmetric five-vehicle system.
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Formation Control Demonstration of Stability of Approxi-
mately Symmetric System
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Figure 8. Final formation for distributed control for an approxi-
mately symmetric five-vehicle system.
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Formation Control Demonstration of Stability of Approxi-
mately Symmetric System
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Figure 8. Trajectories for distributed control for an approximately
symmetric nine-vehicle system.
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Formation Control Demonstration of Stability of Approxi-
mately Symmetric System
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Figure 8. Final formation for distributed control for an approxi-
mately symmetric nine-vehicle system.
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Bounds on Solutions for Autonomous Approximately Sym-
metric Systems [3]

e The previous result was when stability of the symmetric part was “stronger”
than the symmetry-breaking, so all solutions still converged to the
equilibrium.

e Now we consider cases when that is not true, but we know a bound on the
symmetry-breaking.

e This leads to a bound on the steady-state solutions from the equilibrium.

e Example (consensus-type problem):

:i;:kZ(a:j

JEN

o Symmetric system:

o Break symmetry but keep symmetric “kernel”

x—kz S+ ktan ! (29).

JEN
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Solutions for Autonomous Approximately Symmetric Sys-
tems can be Bounded

PROPOSITION: Given an approximately symmetric system assume the
corresponding symmetric system satisfies the hypotheses of the symmetric
system stability theorem and that

Ipa(za)|| < 0.

Then for any initial condition satisfying ||z (to)|| < 4, the solutions of the
approximately symmetric system satisfy

lza(t)|l <o (2)

for all ¢ > tg. Furthermore, solutions to any equivalent approximately
symmetric system also satisfies Equation 2.
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Solutions for Autonomous Approximately Symmetric Sys-
tems can be Bounded
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Figure 9. Asymptotic stability for corresponding symmetric five-
agent system.
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Solutions for Autonomous Approximately Symmetric Sys-
tems can be Bounded
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Figure 9. Stability bound for approximately symmetric five-agent
system.
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Solutions for Autonomous Approximately Symmetric Sys-
tems can be Bounded
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Figure 9. Norm of solution for approximately symmetric five-agent
system.
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Bound on Solutions Works for Entire Equivalence Class

Fifteen agent system (perturb 1, 2 and 4):
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Figure 10. Solution for approximately symmetric fifteen-agent sys-
tem.
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Bound on Solutions Works for Entire Equivalence Class

Fifteen agent system (perturb 1, 2 and 4):
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Figure 10. Norm of solution for approximately symmetric fifteen-
agent system.
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Symmetric Systems with Persistent Nonautonomous Inputs
have Bounded Solutions

e In contrast to previous results, this focuses on non-symmetric inputs.
e \We consider systems of the form

Ty(t) = fg (z4(t))
+ Zgg,j (24()) ug,; (xg(t)v vg' ()5, v;'X' (t)>

e Consider the same example as before, but with input term

r =k Z S k; sin w;t
JEN
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Symmetric Systems with Persistent Nonautonomous Inputs
have Bounded Solutions

PROPOSITION: Given

e a symmetric system

0 Hzgnzgl Gg.; (x4(t)) ﬁg,j(t)H < cforallg € G, and,
e for any one of the g € G,

Vg -
({97(%) fo(zg) + Zgg,j(xg)ug,j (zg,Txg)
g I j=1 |
aV,
< —Wy(x) —c||—2(x
< ~Wa(@) = c|| 52(2)
forall zg € {Dg| ||z > pa|| where Wy(z) is a positive definite
function.
e Then the solutions are bounded and ultimately bounded with computable
bounds.
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The Nonlinear Consensus Problem lllustrates these Results
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Figure 11. Bounded solutions for five agent system.
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The Nonlinear Consensus Problem lllustrates these Results
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Figure 11. Early solution for bounded five agent system.
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The Nonlinear Consensus Problem lllustrates these Results

10

15 | | |
0 S 10 15 20

t

Figure 11. Bounded solutions for thirteen agent system.
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Conclusions and Future Work

e This year’'s work focused on extending the symmetry results from last year
to approximately symmetric systems.

e This is very useful for realistic systems.

e Extensions in four directions:

o Approximately symmetric autonomous systems (modeling errors):

e maintaining stability of equilibrium
e computing bounds on solutions.

o Systems with persistent non-symmetric inputs:
e boundedness of solutions about equilibrium
e (in progress) boundedness of solutions about sets.
e Current efforts

o connections to passivity and dissipativity
o connections to applications (ACC, power grid)
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