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Whole Body Angular Momentum
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on treadmill with perturbations [2] 
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Background
• Elderly people struggle to control 

their balance, leading to falls
• Whole body angular momentum 

(WBAM) -> dynamic stability
• Prior momentum based controllers 

for humanoid robots are hybrid & 
nonlinear 

𝑥𝑥𝑡𝑡+1 = �𝑓𝑓1 𝑥𝑥𝑡𝑡 , 𝑖𝑖𝑓𝑓 𝑥𝑥𝑡𝑡 ≥ 𝑐𝑐
𝑓𝑓2(𝑥𝑥𝑡𝑡), 𝑖𝑖𝑓𝑓 𝑥𝑥𝑡𝑡 < 𝑐𝑐

=> More complex for control 
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Stable gait 
trajectories

Region of 
attraction
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𝐴𝐴 = 𝜒𝜒𝑡𝑡+1(𝜒𝜒𝑡𝑡)#
𝐴𝐴 = argmin

𝐴𝐴
�
𝑡𝑡

𝜒𝜒𝑡𝑡+1 − 𝐴𝐴𝜒𝜒𝑡𝑡 2

x
yz

𝐿𝐿𝑥𝑥

𝜒𝜒𝑡𝑡 =

𝑥𝑥0
𝑔𝑔1 𝑥𝑥0
𝑔𝑔2 𝑥𝑥0
⋮

𝑔𝑔𝑘𝑘 𝑥𝑥0

𝑥𝑥1
𝑔𝑔1 𝑥𝑥1
𝑔𝑔2 𝑥𝑥1

…

⋱
⋮

𝑔𝑔𝑘𝑘 𝑥𝑥1

𝑥𝑥𝑁𝑁−1
𝑔𝑔1 𝑥𝑥𝑁𝑁−1
𝑔𝑔2 𝑥𝑥𝑁𝑁−1

⋮
𝑔𝑔𝑘𝑘 𝑥𝑥𝑁𝑁−1

𝜒𝜒𝑡𝑡+1 =

𝑥𝑥1
𝑔𝑔1 𝑥𝑥1
𝑔𝑔2 𝑥𝑥1
⋮

𝑔𝑔𝑘𝑘 𝑥𝑥1

𝑥𝑥2
𝑔𝑔1 𝑥𝑥2
𝑔𝑔2 𝑥𝑥2

…

⋱
⋮

𝑔𝑔𝑘𝑘 𝑥𝑥2

𝑥𝑥𝑁𝑁
𝑔𝑔1 𝑥𝑥𝑁𝑁
𝑔𝑔2 𝑥𝑥𝑁𝑁
⋮

𝑔𝑔𝑘𝑘 𝑥𝑥𝑁𝑁

Herr, H., & Popovic, M. (2008). 

Goals
• Find A matrix in 𝑥𝑥𝑡𝑡+1 = 𝐴𝐴𝑥𝑥𝑡𝑡 for WBAM
• Analyze resulting linear system & characterizer 

robustness to perturbation
• Find controller inputs to return state to stable 

gait limit cycle after perturbation

Stable walking:

Perturbation 
trial:

Modeling
States: 

𝑥𝑥𝑡𝑡 =
𝐿𝐿𝑥𝑥 𝑡𝑡
𝐿𝐿𝑦𝑦 𝑡𝑡
𝐿𝐿𝑧𝑧 𝑡𝑡

• Monomial functions: 𝑔𝑔(𝑥𝑥) = 𝑥𝑥2

• Radial Basis Functions: 𝑔𝑔(𝑥𝑥) = 𝑒𝑒 𝜀𝜀 𝑥𝑥−𝑐𝑐 2

• Learned via neural network

Observable functions g(x):
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Nonlinear 
System

1. Extended Dynamic Mode Decomposition (EDMD)

2. Data Direct Encoding
• More uniformly weights data
• Important since perturbation 

data are sparse

Ng, J., & Asada, H. H. (2023). 

Least squares solution:

https://brightwatergroup.com/news-articles/5-
reasons-to-keep-walking-as-you-get-older/

Perturbation Sample Trajectory:

𝑆𝑆𝑆𝑆𝑆𝑆 = ∑𝑖𝑖𝑚𝑚 𝐿𝐿𝑖𝑖 − �𝐿𝐿𝑖𝑖
2

𝑚𝑚 = # of features

~ 1 gait cycle

Perturbation Aggregate Error Results:

80 RBF functions, 1046 observables

40 RBF 
observables

• Find inputs that can 
restore state to 
stable gait limit 
cycle

• Identify/create 
assistive device to 
deliver these inputs
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