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We define the difference between the day-ahead and real time price as a specific function of the wind production errors and the 
demand error:  
 
where        is the real-time price,    is the day-ahead price,       is player j’s final curtailed production error, and        is the demand 
forecast error.   
Then if we consider f() to be a linear function with constant µ>0, and let   k be player i’s day ahead bid, then player i’s profit 
function is given by: 

•  Short-term variability in the wind 
resource can lead to complicated system 
planning and increase system risk. 
  
• High-quality forecasting can reduce the 
system costs of wind integration. 
 
• Poor forecasting can lead to suboptimal 
dispatch solutions and higher costs and 
system risk.  

 
• Previous literature focuses on analytical results for wind producer bidding with exogenous deviation 
penalties (Bitar et. al, 2012).As we will show, this suggests more conservative bidding by wind power 
producers and worse results in terms of system efficiency and risk.  

• Computational results (Vilim, Botterud, 2014) that also consider the impact of wind forecast error on the real-
time price, 
 
• We use a simplified linear approximation to describe the effect of generation and demand forecast error on 
the difference between day-ahead and real-time prices, and develop analytical results for wind producer 
bidding in this case.  

•  Implicit or explicit penalties imposed on the difference between real-time generation and the day-ahead 
bid or quantity forecast can encourage producers to make accurate predictions regarding their expected 
production.  
  
• These penalties provide an incentive to improve forecasting capabilities. While ISOs are likely to continue 
sourcing their own forecasts for reliability purposes, more accurate forecasting from generation increases 
redundancy. 
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suggests better tradeoffs between efficient use of the wind
power resource and minimization of system risk.

II. THE PENALTY AND PROFIT MODEL

A. Real-Time Imbalance Prices

Let w

i

represent the available energy production for the
ith producer, measured in MWh of energy available during
a specific settlement period T = [t0, tf ], where i 2 N with
N = {1, 2, ..., n}. The indices in N correspond to the n

individual producers such that n = |N | is a positive integer.
We define ẇ

i

(·), the instantaneous production availability
of producer i, so w

i

(T ) =

R
tf

t0
ẇ

i

(t)dt. Note that each i is
an individual decision maker, who may control wind projects
at multiple locations. In a single period, we think of w

i

as a realization of the random variable of wind availability
for producer i, where the underlying random variables are
independently distributed 8i.

Let q

i

(T ) represent the a priori bid quantity given by
producer i, for instance, in the day ahead market for energy
(MWh) to be produced during the settlement period T . The
settlement period T refers to a specific time period over
which energy is contracted, for instance, the 15-minute or 1-
hour blocks used by regional transmission operators (RTOs)
to schedule resources. We will focus on a single settlement
period and refer to w

i

(T ) and q

i

(T ) as w
i

and q

i

to simplify
the notation.

We define the bid-error, x

i

= w

i

� q

i

, which is the
difference between the realized energy availability and the
day-ahead bid. Furthermore, we define ŵ

i

, the final energy
production, such that ŵ

i

 w

i

8i. In other words, if a player
is able to produce w

i

units of energy, they may curtail
w

i

� ŵ

i

> 0 units of energy, for instance by altering the
blade angle of some turbines. The variable ŵ

i

represents their
actual energy production in the settlement period. Analogous
to the bid-error, we also define the generation error, x̂

i

=

ŵ

i

� q

i

Let p be the price established for period T in the day-ahead
market. We assume that p is exogenous, or, equivalently, the
wind producers are price-takers in the day-ahead market.

Then, we consider a stylized real-time price p

rt

that is
a correction of the day-ahead price p by a function of the
system forecast error. We assume that non-wind generators
are controllable and have no forecast error, so the forecast
error is simply the sum of the wind producer errors and
the demand error �

D

. The variable �

D

is defined as the
actual demand minus the demand forecast, both of which
are negative values to reflect the fact that demand consumes
electricity. Then, the real time price can be written as

p

rt

= p� f(

X

j

x̂

j

+ �

D

) (1)

with j 2 {1, 2, ..., N}. We focus on a simplified penalty
function that is a linear function of the error, for ease of
exposition and to ensure that the profit functions of individual
players are concave. So, f(·) = µ(·), with constant µ > 0,

and the ith producer’s profit function is given by:

⇡

i

= pq

i

+ p

rt
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i
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i

+ px̂

i

� µ(

X

j
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D

)x̂

i

(2)

In a system with high penetration of wind resources, it is
reasonable to assume that the differences between day-ahead
and real-time prices are largely driven by wind and demand
forecast errors. The profit function in (2) makes this claim
explicit.

B. Applicability to Practical Penalty Mechanism

The model in (2) can also describe a real-world scenario
where wind producers receive a nominal price p for all of
their energy production, since pq

i

+ px̂

i

= pŵ

i

, minus a
penalty that is a function of total system error. For instance,
we could define positive and negative imbalance prices �+ =

g(

P
j

x̂

j

+�

D

) and �� = h(�
P
j

x̂

j

��

D

), such that g(x) =

h(x) = 0 8x  0.
Penalties of this sort have an intuitive and practical

economic explanation, where the functions g(·) and h(·)
represent the marginal cost curves for managing positive and
negative deviations, for instance through the use of system
reserves. Then the applied imbalance penalty is simply
the marginal cost for the imbalance times the generator’s
contributing quantity to the imbalance. The resulting profit
function follows:

⇡

i

= pw

i

� �+(x̂i

)� ��(�x̂

i

) (3)

If the marginal costs for reserves are linearly increasing
and symmetric with respect to the direction of system error,
then g(·) = h(·) = µ(·) and (3) is equivalent to (2).

The described penalty function is a useful abstraction of
two potential real-world policies for dealing with system
imbalance. Our model captures an important feature of
both of these imbalance policies that is not well studied in
the existing literature: the imbalance or deviation price is
endogenous, a function of the bids and curtailment of the
individual producers and their resulting production. This has
important consequences for the optimal producer strategy
and assessments of resulting efficiency and system risk.

C. Game Model

We model the decision process as a two-stage game where
players seek to maximize the profit function given by (2). In
the first stage, the day-ahead market, players simultaneously
choose a bid q

i

for their energy production in a future period.
Just before the second stage, players realize their availability
of production w

i

and hence learn x

i

as well. At this point,
player i knows the bids q�i

of all of the other players, for
any i, where q�i

= {q
j

|j 2 N, j 6= i}. We consider both
the full mutual information case, where player i knows the
value of x�i

, similarly defined, and the case where players
only know their own production availability.

In the second stage, players simultaneously choose a final
output level ŵ

i

, or equivalently x̂

i

since q

i

is now fixed, such
that x̂

i

 x

i

. We say that player i is curtailing its output
when x̂

i

< x

i

. The players realize all profits at the end of

• Traditional generators are typically required to settle short or long positions in the real-time market, in line 
with the principal of the day-ahead market as a forward market for the real-time settlement. This 
discourages manipulation and anti-competitive behavior.  

• Wind producers are increasingly required to settle the deviation between their day-ahead bid and real-time 
production at the real-time electricity price, for instance in ERCOT, PJM, and the UK. 

• Wind forecast errors can affect the difference between day-ahead and real-time prices, so the settlement 
requirement results in an implicit penalty on errors in the same direction as the system-wide error.  

The Profit Model: 

The Game Model: 

Main Results: 

We define the difference between the day-ahead and real 
time price as a specific function of the wind production errors 
and the demand error:  

suggests better tradeoffs between efficient use of the wind
power resource and minimization of system risk.
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Then, if we consider f() to be a linear function with constant µ>0, and let      be player i’s day ahead bid, then player i’s profit function is given 
by: 

Illustration of the stylized relationship between day-ahead and real-time prices 

suggests better tradeoffs between efficient use of the wind
power resource and minimization of system risk.
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i

, the final energy
production, such that ŵ
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individual producers and their resulting production. This has
important consequences for the optimal producer strategy
and assessments of resulting efficiency and system risk.

C. Game Model

We model the decision process as a two-stage game where
players seek to maximize the profit function given by (2). In
the first stage, the day-ahead market, players simultaneously
choose a bid q

i

for their energy production in a future period.
Just before the second stage, players realize their availability
of production w

i

and hence learn x

i

as well. At this point,
player i knows the bids q�i

of all of the other players, for
any i, where q�i

= {q
j

|j 2 N, j 6= i}. We consider both
the full mutual information case, where player i knows the
value of x�i

, similarly defined, and the case where players
only know their own production availability.

In the second stage, players simultaneously choose a final
output level ŵ

i

, or equivalently x̂

i

since q

i

is now fixed, such
that x̂

i

 x

i

. We say that player i is curtailing its output
when x̂

i

< x

i

. The players realize all profits at the end of
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Example of the day-ahead/real-time settlement process for a wind generator, where profit is the blue region minus the red region.  

Assume that players have no knowledge of competitors’ energy availability in stage two, and 
forecasting errors are independent. Then, the optimal strategy is to curtail all errors above the 
curtailment limit              a   and to choose bids            -   such that                      . 
 
   
This implies significantly better tradeoffs between risk and efficiency than the optimal response to 
exogenously priced settlements.  


