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Abstract

Following Part I, this paper continues to describe the calculation of the reach sets
and tubes for linear control systems with time-varying coefficients and ellipsoidal hard
bounds on the controls and initial states. It deals with parametrized families of internal
ellipsoidal approximations constructed such that they touch the reach sets at every point
of their boundary at any instant of time (both from outside and inside respectively).
The surface of the reach tube would then be entirely covered by curves that belong to
the approximating tubes. This allows exact parametric representation of reach tubes
through families of internal ellipsoidal tubes as compared with earlier methods based
on constructing one or several isolated approximating tubes. The method of external
and internal ellipsoidal approximations is then propagated to systems with box-valued
hard bounds on the controls and initial states. The approach opens new routes to the
arrangement of efficient numerical algorithms.

Introduction

This papers continues description of ellipsoidal approximations to reach sets for continuous-time
systems. Such problems arise in many applied problems of control and computation, being an

object of special interest [19], [4], [7], [6], [14], [17].

It turned that ellipsoidal methods make possible exact representations of the reach sets and tubes
for linear systems through parametrized families of external and internal ellipsoids if these are
constructed following the techniques of [13]. But to ensure effective calculation, it is important to
single out the families of “tight” ellipsoidal approximations to the reach tube that would touch its
surface at every point along specially selected cyrves and would thus totally cover this tube. A crucial
point is also to indicate such a parametrized variety of curves along which the respective calculation
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could be done recurrently in time. A positive answer to the latter problem is given in Partl of this
paper for external ellipsoidal approximations which were investigated in detail.

This paper shows that similar properties are also true for internal approzimations which are often
required whenever one has to deal with guaranteed performance. This is a more difficult problem,
though. A single volume-optimal internal ellipsoid was studied in [2]. Special types of internal
ellipsoidal approximations were suggested in [1]. However, it was indicated in [13] that an exact
representation of reach sets and reach tubes is indeed possible through the union of a family of
internal ellipsoids. The important pending question was how to effectively compute a family of
tight internal approximations of reach tubes or their neighborhoods through such ellipsoidal-valued
functions that would touch their boundary of from inside at any point on its surface.

Thus, in the present Part IT of this paper we study the following question: given a reach tube (or its
neighborhood) and any smooth curve on its surface, does there exist an ellipsoidal-valued tube that
satisfies the following two properties: on one hand, the ellipsoidal tube is contained inside the reach
tube, being an internal approximation, and on the other it touches the boundary of the reach tube
precisely along the prespecified continuous curve on its surface? Here it is shown that the solution
to the problem exists for any given curve. However, the computational burden for the calculation
of the solution may be heavy due to additional recalculations required to be done “afresh” at each
instant of time. It is shown that similar to the “external” case there exists a family of “good” curves
which allow the solution of the indicated problem recurrently, without such additional recalculation.
This again is when the given curve is a system trajectory. By covering the entire surface of the reach
tube with such curves, we are then also able to produce the whole reach tube, through the solutions
of the internal ellipsoidal approximation problem while minimizing the computational burden.

In order to treat the “internal” case this paper introduces new relations for internal ellipsoids, which
are different from those introduced in books [1], [2], [13].

Let us start with th whole issue of internal ellipsoids by introducing some relations different from

those of either [1], [2], [13].

Throughout the present Part IT of the paper we use the notations introduced in Part I.

1 The internal ellipsoids

Consider first the sum of two ellipsoids £(0,@1),£(0,Q2), taking as an estimate the ellipsoid
£(0,QS]), where

Q-[5] = (51217 + 5V (5101 + 5.4,
and Sp, S are orthogonal matrices [5], so that S7.5; = I = 5555.
Then
(p(11€(0, Q-[SD))* = (1, Q-[S1)
= (L,Qu) + (1,Q2) + 21911, $:Q3/°1)
<D + (1L, QD) + 2(L, QD1 QD) = (1, Q1) + (1, Q21)1/?)?
for any vector | € IR" with equality attained if and only if

S1Q1*1 = kS, Q31



for some value k. The last assertion follows from the Holder inequality.

Similarly, for the sum of m ellipsoids £(0,@;),i = 1, ..., m we arrive at the proposition.

Theorem 1.1 The following formula is true:

£-(0.QIS(m) € Y &(0
where . .
— (Z SZQI/Z)/(Z Sin/Z)’

S[(m)] = {S1,...,5m} and S.S; = I are any orthogonal matrices.

Indeed, using the Holder inequality, we come to the relations:

(p(1E(0, Q- [S(m)))? = (1, Q-[S(m)]]) = Z (1, Qil) + Z (@171, 5;Q1°1)

i£]

< 3@ + QD QY = (3.
i=1 e i=1

for any vector [ € IR™. This proves the theorem.

Here equality is attained for a given vector [ if and only if SZ'Q;/zl = k;;S; Q;/zl, kij = kﬂl, for

some values k;; (that depend on /). This happens, in its turn, iff there exists a vector p # 0 and and
an array of numbers A; such that

SQ = Nip, i=1,...,m. (1)

Therefore, one may formulate the next proposition.

Theorem 1.2 The inequality

(1, QS( ZSQ”Z ZSQ”Z szczz 2 (2)

true for any | € R" and any array S[m] of orthogonal mairices S;,i = 1,...,m, turns inlo an
equality for a given | € R" if and only if the matrices S; are such that (1) is fulfilled for the given |
for some vector p and numbers A;, 1 =1,...,m.

The last theorem indicates the tightness conditions for the internal ellipsoidal approximation

E_(0,Q[S(m)]) of the sum of ellipsoids £(0, ;).
Remark 1.1 The previous relations were derived for the sum of ellipsoids centered at point ¢; = 0.

The result remains true, however, if we deal with ellipsoids £(¢;, Q;), where it may be that ¢; # 0.
Then one should just substitute £_(0, @_[S(m)]) by E_(q(m), @_[S(m)]), where

= Zqz (3)



We now look at the internal approximation of the sum

£(0,Qu) + /tt E(0,Q(s))ds,

of an ellipsoid £(0, Q) and a set-valued integral of an ellipsoidal-valued function £(0,Q(s)) with
matrix function Q(s) > 0 continuous in ¢. Taking the Riemanian sum

I(Ex) =Y &(a(m), Q(m))ai, (4)
i=1
generated by partition

YXv=An=toy,n,.., =1}, o;=7—Ti_1, 1=1,...,N,

we may apply the results of Theorems 1.1, 1.2. We start by constructing the matrix

N ’ N
QM) = (SoQé/ 24y 5Q) 2(72»)02») (SoQé/ 1Y s z(n)m») , (5)
i=1 i=1
which, as we may observe, due to these theorems, satisfies the inequality
N
(LQEV 0D < ((1LQu)'* + (1 Q) ), (6)
i=1

whatever be vector [ € IR". An equality may be reached here for a given ! € IR" iff the orthogonal
matrices Sy, S; are selected such that they satisfy the relations

Si(m)QY (1)l = M) o @y (7)
for some values A(r;),i =1,..., N.

One may figure out immediately from (7) that these values actually are
A7) = (LQ(m)D) (1, Qo)™ (8)
Further on, passing to the limit in (4)-(6), with
N — o0, o[N]=max{o;li=1,...,N} =0,

we come to the following conclusion.

Theorem 1.3 (i) The following inclusion is true

£0.Q-() € £0,Qu) + | £0,Q()ar

whatever be the matriz
t ’ t
Q_(1) = <50Q5/2+/ S(T)Q(T)l/sz) (50Q5/2+/ S(T)Q(T)l/sz), (9)
to to

where S Sy = 1,5'(1)S(7) = I are orthogonal matrices that vary continuously in time.



(ii) For a given vector ] € R" relation (7) turns into an equality iff matrices Sy, S(7) may be chosen
such that equality

S(PQY*(r)l = M) S0y (10)

is fulfilled for all T € [to,1] for some scalar function A(7).

One may note immediately that function A(7) of (10) is actually
AT) = (L, Q(TDY2(1,Qol)=(/),

The proof of this theorem follows by direct limit transition in (4) in view of the inequality

(1 (s@=+ [ sm@eiar) (soy+ [ sretonar ) (1)

< ( / :<l, QN ?dr + (1, Qol)"/ 2)2

that follows from a limit transition in (5),(6), with ¢[N] — 0, N — co.

Remark 1.2. For ellipsoids E(qo, Qo), E(¢(t), Q(t)) with nonzero centers qg, ¢(t) the results of Theorem
7.3 remain true with substitution of £_(0,Q_(¢)) by £(q—(t), Q- (1)), where

=0t [ s (12)

The functions ¢_(¢), @—(¢) may be described by differential equations. Thus, differentiating Q_(¢),

we have
Q-(t) = (SMQ* (1)) Qu(1) + Qu()(S()Q* (1)),
where

Qu(1) = 5Q¥/* + /S Q'/*(r)

Introducing notation .
H(t) = Q1 (1SR (1) = Q1 1)Q-(1),

we further come to equation

Q-(t) = H'(O)Q-(t) + Q_()H(t), Q(to) = Qo. (13)

A differentiation of (12) also gives

g-(t) = q(t), q¢-(to) = qo. (14)

This may be summarized in the assertion.

Lemma 1.1 The ellipsoid E(q_(t), Q—(t)) may be described by differential equations (13),(14).



Relation (13) allows an expansion

Q-(t+0) = Q- (1) + o(QLQu(1) + Q< (1)'Qx), +0(0) (15)

where o(c)/o — 0 with ¢ — 0, or an equivalent relation

(LQ-(t+ o)) = (1LQ-()) + o> (1, (QLQx(1) + Qu(t) @)1 + (0, 1), (16)

where o(c, [) stands for a function that satisfies o(¢,{)/o — 0 with ¢ — 0, uniformly in {/ : ({,{) < 1}.
On the other hand, the relation for @_(¢) of Theorem 1.3 gives

PUIEO, Q—(t + o)) = (LQ(t + o)) = (LQ— (D) + (7)
xav v S(r)@(r)ﬂzdr)/cz*(t) oo [ v S(rIQUn) 2 )1) + o1

t+o
< (p(11€(0, Qo)) + +/t pUIE(0, Q(r)))dT)? = p*(I|X[1]),

with equality attained for a given vector [ (relative to terms of order > 1 in o) iff there exists a
number A(t), such that

t+o
(/t S(T)Q(T)l/zdr)l = M)Q. (1)
As one may observe, here
X2(1) = (1, QEOD/ (L Q- (D)) + o (2, 1)
and also tho
/t S(MQ(T)M?dr = Qu(t) + os(t,1).

Since equalities (16),(17) ensure, (relative to terms of order > 1 in o) that £(0,Q_(t 4 o)) touches
X[t + o] at point of support of vector [, we may conclude that Q. ()l = A(¢)@.! or

H(t)l = Q-1Qu (1) = A(t)L, (18)
where A(t) = (I, Q())/?/(1, Q_(t))/>.

Now we may proceed with the calculation of tight internal approximations.

2 Reachability sets. Internal approximations.

We start with the definition of internally tight ellipsoids.

Definition 2.1 An internal approzimation E_ is tight in the class E_, if for any ellipsoid £ € E_,
X[t] DEDE_ impliesE =E_.



This paper is concerned with internal approximations, where class E = {€_} is described within the
following definition (assuming B = I as mentioned above).

Definition 2.2 The class E_ = {E_} consists of ellipsoids that are of the form E_[t] = E(x*, Q_t]),
where x*(t) satisfies the equation

= A(t)e* + q(t), % (to) = 2%, t > 1o,
and Q_(t) is of the form (9).

Here Q°,Q(7), 7 € [to,1] are any positive definite matrices with function Q() continuous, S() are
any orthogonal matrices with S(t) continuous, (1) is any continuous function.

In particular, this means that if ellipsoid &(p”, P) C X[t] is tight in E_, then there exists no other
ellipsoid of type £(p°, kP%), k > 1 that satifies the inclusions X'[t] D &(p®, kP°) D £(p°, P°) (ellipsoid
E(p°, PY) touches set X[t]).

Definition 2.3 We shall further say that internal ellipsoids are tightif they are tight in E_.

We actually further deal only with ellipsoids £_ € E_.

The class E_ is rich enough to arrange effective approximation schemes, though it does not include
all the possible ellipsoids.

A justification for using class E_ is due to the propositions of Theorem 1.3 which also gives conditions
for the internal ellipsoids £(0, @_(7)) to be tight in the previous sense.

Let us now return to equation
= At)r + B(u, to <t <ty (19)

at first with B(¢) = I. (See Remark 2.2 at the end of this section). Then the problem consists in
finding the internal ellipsoid £(¢_(t), @_(¢)) for the set

X[t] = G(t, t0)€(go, Qo) + /tt G(t, m)E(), Q(r))dr.

The formula of Theorem 7.3 for the matrix @_(¢) will now have the form !

QR-(1) = (20)
= G(t, t0)<Q0 (to) /Gto, QY (1)S (1 )dr)x
(st + / ()@ ()6 (10,7) ) 60, 10),
and ]
q_(t):G(t,to)qo—l—/t G(t, m)q(r)dr. (21)

Theorem 1.3 now transforms into the following.

!Since for a matrix-valued map X we have X&(¢, Q) = £(X ¢, XQX").



Theorem 2.1 The inlernal ellipsoids for the reach set X[t] salisfy relation

E(g-(1), Q-(1) € (22)

E(G(t,t0)q0, G(t,10)QoG (1, 10)) —|—5</ G(t, m)q(r)dr, / G(t, ) G'(t, T)dT) = X[t],
where Q_(to), q—(to) are given by (20),(21), with Sy, S(T) being any orthogonal matrices and S(7)
continuous in time.

The tightness conditions now transfer into the next proposition.

Theorem 2.2 For a given instant t the internal ellipsoid E(q_ (1), Q_ (1)) will be tight and will touch
X[t] at the point of support x* of the tangent hyperplane generated by given vector I*, namely,

p(IFX]L]) = (l*,q_(t))+/t (I, G(t, QTG (t, T)I") ?dr = (23)
p(I1E(g=(1), Q= (1)) = (I, g (1)) + (I, Q- ()I")/? = (I, x"),
iff So, S(7) satisfy the relation
S(HQY2(r)G (1, T)I* = A(1)SeQL 2 G/ (t, o)l 1o < 7 <1, (24)

for some function A(T).
Direct calculation indicates the following.

Lemma 2.1 The function A(7) of Theorem 2.2 is given by

A(r) = (15, G, T)QT)G! (1, )Y, Gt 10) QoG (¢, 1)) TH), g < 7 < 1. (25)

The previous Theorems 2.1, 2.2 were formulated for a fized instant of time t and a fived support
vector I*. It 1s important to realize what would happen if I* varies in time.

Problem 2.1.Given a vector function I*(t), continuously differentiable int, find an internal ellipsoid
E(g-(t), Q- (1)) C X[t] that would ensure for all ¢ > 1y, the equality

p(OX[E]) = p("(D)|E(g- 1), Q- (1)) = (" (1), (1)), (26)

so that the supporting hyperplane for X[t] generated by I*(t), namely, the plane (x —2*(1),1*(t)) =0
that touches X[t] at point £*(t), would also be a supporting hyperplane for E(q_(t), Q—(t) and touch
it at the same point.

In order to solve this problem, we shall refer to Theorems 1.1, 1.2. However, the functions S(r), A(T)
used for the parametrization in (20),(24), should now be functions of two variables, namely, of 7, ¢,
since the requirement is that relation (26) should now hold for all t > ¢y ( and therefore Sy should
also depend on ). We may therefore still apply Theorems 1.1, 1.2 but now with Sg, S(7), A(T)
substituted by Sor, Si(7), Ae(7).



Theorem 2.3 With | = I*(t) given, the solution to Problem 2.1 is an ellipsoid £(q—(t),Q-(1)) ,
where

Q_(t) = (27)
= G(t, t0)< V2 (to) / G(to, T)QY*(r)S)(r )dT)

(Sm (to)Q /S QY (r) (to,r))G’(t,to).

with Sy, Si(7) satisfying relations

Sy (T)QY ()G (t, I (1) = Ae(7) S QPG (¢, o) " (1), (28)
and Sy, Sor = I; S{(1)Se(r) =1 for allt > ty, 7 € [to, 1], where
A(r) = (I°(1), G(t, T)Q(T)G/(t, T (1)) 2 (I" (1), G(t, o) QoG (¢, to) I (1)) /). (29)

The proof follows by direct substitution. The latter relations are given in a “static” form and
Theorem 1.3 indicates that the calculation of parameters Spt, Si(7), A+(7) has to be done “afresh”
for every new instant of time {. We shall now investigate whether the calculations can be made in
a recurrent form, without having to perform the additional recalculation.

Remark 2.1. In all the ellipsoidal approximations considered in this paper the center of the aprrox-
imating ellipsoid is always the same, being given by ¢_(¢) of (21). The discussions shall therefore
actually concern only the relations for Q_(¢).

Remark 2.2. In the case of B(t) # I we formally just have to substitute Q(¢) for B(¢)Q(t)B' (1),
QY2 (t) for B(t)Q'?(t) and ¢(t) for B(t)g(t) in all the relations of this and later sections, starting the
calculation process from time ¢ > ¢y + o, ¢ > 0 rather then from ¢3. The controllability assumption
of section 1 ensures that intX'[t] # 0 and that the ellipsoids £(q(t), Q—(t)) are nondegenerate.

Remark 2.3.  The results of the last two sections are also true for degenerate ellipsoids
E(¢%,Q%), &(q(t),Q(t)). This will further allow to treat systems with box-valued constraints.

3 Reachability Tubes. Internal Approximations.

Let us start with a particular function [*(¢), namely, the one that satisfies 2

Assumption 3.1 The function I*(t) is of the following form [*(t) = G(to,t)l, with | € R" given.
For the time-invariant case I*(t) = (exp(—A'(t)(t — to))l.

Substituting [*(¢) in (28),(29), we observe that the relations for calculating S;(7), A:(7) transform
into

Sy (T)QY(T)G (to, ™) = M(T) S Qi *1; 84Sy = I8 (1)S(r) = I (30)

?The formulation of Assumption 3.1 is identical in Parts I and II and so is the assigned numeration
“Assumption 3.17.



and

() = (1, G(to, QTG (to, D2/ (1, Qo). (31)

Here the known functions used for calculating Sy(7), A:(7) do not depend on t. Therefore, the
unknown functions Sy(7), A:(7) do not depend on t either, no matter what is the interval [tg,1].
Therefore, the lower indices ¢ in Syy, .Sy, Ay may be dropped.

Differentiating (27) in view of the last remark, we come to

Q- = ADQ- + Q-A'(1) + Q.Qu + Q.Q., (32)
where
t
Q. (1) = SeQL2G (1, 10) +/ S(QY (TG (¢, 7)dT,
to
Q+(t) = SHQM*(1), Q(to) = SoQo

Using the notation

H(t) = Q-1 (1)SMHQY* (1) = QI (1)Qu(1), (33)

we further come to equation
Q- = AQ-+ QA1)+ H'(1)Q-() + Q-(H(1), Q(to) = Qo. (34)
The differentiation of (21) also gives
g- = At)g- +4q(1), q(to) = o. (35)

This leads to the following theorem.

Theorem 3.1 Under Assumption 3.1 the solution to Problem 2.1 is given by ellipsoid
E(g—(1),Q-(1)) where Q_(t),q—(t) are given by equations (34),(35), and the functions S(t), A(?)
involved in the calculation of H(1) satisfy together with Sy the relations (30),(31), where the lower
wndices t in Spy, Sy, Ay are to be dropped.

Lemma 3.1 Function H(t) = Q- (1)S()Q'?(t) in (33) may be also expressed through equation

Qv = QuA'() + SRV (1), Qulto) = 50Qy"". (36)
This gives the next result.

Lemma 3.2 The ellipsoid E(q-(t), Q@ (1)) of Theorem 3.1 given by equations (35), (34), (33), (36),
depends on the selection of the orthogonal matriz function S(t) and for any such S(t) the inclusion

E(g-(1),Q-(1)) S X[t], 1= to,

is true with equality (26) attained under conditions (30),(31).

10



Let us now suppose that {(¢) of Problem 2.1 is the vector function that generates any continuous
curve of related support vectors on the surface of X'[t]. Then one has to use formula (27), having
in mind that Sp:, Si(7) depend on t. After a differentiation of (27) in ¢, one may observe that (34)
transforms into

O = ADQ- +Q_A() + H(DQ_(1) + Q_(H®) + ¥(t,), Qo) =Qo.  (37)
where

U(t, )= G(t,t0)< é/z(ﬁSét(to)/ﬁt) + /tt G(to, T)Ql/z(r)(ﬁSg(r)/ﬁt)dr) X

((8Sm(to) Jo)QL* + /t t A(S, (1)) )QM? ()G (to, T)dT) G/t to).

Lemma 3.3 Under Assumption 3.1 the functional ¥(¢,-) = 0.

Similarly to Section 3 we come to the proposition.

Theorem 3.2 Let I(t) generate a curve x*(t) of related support vectors for the sets X[t] that form
a system trajectory of (19) due to some control u(t). Then Assumption 3.1 is satisified (I(t) is a
“good” curve) and the functional ¥(t,-) = 0.

We will now demonstrate the internal approximations for the system of Example I. 3

4 Example II

Consider again the system of Section 5, Part I (see formula (53) of Part I).
T1 =T, T2 =,

21(0) = 27, 23(0) = 235 [u] <p, p>0.

Here

z1(t) = x(f + xgt —1—/0 (t — mu(r)dr,
zo(t) = 29 —1—/0 u(T)dr.

Assume X° = B.(0) = {z : (z,z) < ¢*}. Then the support function

P12 [0) = max{(1,2(0)] [u] < . " € X°)

Example I was given in Part I of this publication.

11



of the reach set X[t] = X(¢,0, X°) may be calculated directly and is given by

AUXE) = e+ (1t + 1))+ [ it =)+ ol

The boundary 0X[t] of the reach set A'[t] may be calculated from formula (54) of Part I.
Solving the problem for any ¢ > 0, let us set [° = {(¢).Then
21(t) = ey () /() + (W0 + (D)) £ p(t*/2 = (th(t) = L) /B (1)), (38)

22(t) = (I (Ot + () /(L (8 + (WO + 12(0)*)? £ 2u(ls = th (1) /1 (1) £ pt,

Proceeding further, we shall select {(?) satisfying Assumption 3.1, namely, as I(t) = e~ A't1* This
transforms here into Iy (¢) = {7, l2(¢) = I5 — t} and (38) transforms into

1(t) = eh (/5 + B3V £ u(t®/2 = (U7 = G2(0))*/1(1)), (39)

ea(t) = clo (157 + )Y £ 20(15 — 115)/15 % pu

The last relations depend only on the two-dimensional vector [*. They produce a parametric family
of curves {1(t), z2(t)} that cover all the surface of the reach tube X[t] so that vectors x(t) =
{x1(t), 2(t)} are the points of support for the hyperplanes generated by vectors {(¢) = {{}, —t{; +13}.
The reach tube that starts at X° # 0 with these curves on its surface is shown in fig.1.

Let us now construct the tight internal ellipsoidal approximations for X'[t] that touch the boundary
OXt] from inside at points of support taken for a given vector [ = [*.

The support function p(X[t]) may be rewritten as

pMﬁDIdﬁQUWP“+uAUﬁQvWV“w, (40)

where

and QV/%(r) = Q(r)(1 4 7)~!/2.

According to (27) and in view of Assumption 3.1, we have (taking Sy = 1),

Q_(r) = (eI—I—/Oth/z(T)S’(T)dT)/ <d+/0t S(T)Q1/2(r)dr), (41)

where matrix S(7) must satisfy the conditions

S(TYS(r) =1, S(r)QY2(r)I* = eA(r)lI*, 7> 0. (42)

for some A(7) and calculations give

N (1) = (5, QU)W )™ = (7 = ) (57 + 157) 71 (43)

12



Denote
27% *
A2 [ T =T 2 -1/2 _ av=1/2 [ €cosdp(T)
o) =@ = ((THTTE Y =y (),
where
rp(m) =i = Gl(1+ 7'2)1/2, ép(7) =% arccos(rzlf —7l5)/r, = arccos(r/(1 + 7'2)1/2)
and also

= (0 1) ( ot ) | 6 = arccos(l; /(11 + 157)'/),

Selecting further the orthogonal matrix-valued function S(7) as

S(r) = ( cos a(7), —sino(7) ) |

sin (1), cos ()

we may rewrite the second relation of (42) as

cos(dp(7) + (7)) " (r F2\1/2 = w2 vty [ cos ()
(e ety )+ = ae vt (50 ).

where T € [tg,t]. Here a(7) has to be selected from the equality

¢p(7) + a(r) = ¢i(7), T € [to, 1], (45)
and A(7) is given by (43).

Equations (44), (45) need no recalculation for new values of ¢.

Thus we have found an orthogonal matrix function S(r)

_ (o)~ —sinn(r) =
S“)‘( sin(61(7) — p(7)), cos(o1(7) —
(

that depends on {*, is continuous in 7 and satisfies (44).

5 )

Matrix Q_(t) may now be calculated from the equations

Q— = Q;(t)Q*(t) + Q*(t)Q*(t)a Q0) = el
where
Q. = S'(OQYV*(1), Q.(0)=el.

The internal ellipsoids for the reach set X[t] = X (¢,0, X") are shown in figures 2-4 for X° = £(0, ¢I)
with epsilon increasing from e = 0 (fig.2) to ¢ = 0.175 (fig.3), and € = 1 (fig.4). The tube in fig.1
corresponds to the epsilon of fig.3. One may also observe the exact reach sets, X'(¢,0,0) taken for
¢ = 0, inside the sets X'(¢,0, X%) = X[¢] in figures 3,4.
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We will now pass to the description of ellipsoidal approximations for systems with box-valued con-
straints on the controls and initial values.

5 Box-valued constraints

Let us now assume that system (19) is subjected to hard bounds of the “box” type, namely,

u(t) €P(t), =(to) € XY

where
Pt) = {u € R™ : Ju; — u}| < pi(0)}, pa(t) >0, (46)
X' ={r € R" : |uj — o <wj}, v; >0
i={l,...,m},j={1,...,n}.
and u?, x? are given.

Will it be possible to use ellipsoidal approximations for the respective reach sets now, that P, x'°
are not ellipsoids? To demonstrate that this is indeed possible, we proceed as follows.

Let us define a box P with center p as P = B(p, P) where P = {p("), ... p®} is an array of n
vectors (“directions”) p{¥) such that

B(p,P)={x:x=p+ Zp(i)ai, a; € [—1,1]}.

i=1

Then box P(t) of (46) may be presented as P(t) = B(u’(t), P(t)), where P = {p(1) ... pM} pli) =
pi(t)e and e is a unit ort oriented along the axis 0x;. Box B(u’(t), P(t)) is a rectangular
parallelepiped.

A linear transformation 7' of box B(p, P) will give

TB(p,P)=B(Tp, TP)

Thus, in general, box B(Tu(t), T P(t)) will not be rectangular. Let us now approximate a box by a
family of ellipsoids.

Taking set B(0, P), we may present it as the sum of m degenerate ellipsoids £(0, Q;;), where

. o/
Qii = gieVe | g = i}

Here @);; is a diagonal matrix with diagonal elements qrx = 0,k # i, ¢; = p?, (its only nonzero
element is ¢;; = p?).

Then



where p = {p1,...,pm} and
= (Zpi) (Zp;lczﬁ), (47)
i=1 i=1

These relations were usually used for nondegenerate ellipsoids,(see [13], section 2.7). However, the
application of Lemma 3.2.1 | [13], indicates that it is also true for the degenerate case. (The proof
is similar to the one in [13]).

Given vector [ € IR™, take p = {p1,...,pm} as
pi = Ll if 1 #0, (48)

pi=m— k) O [l TP if =0,

i=1

Here ||[]|* = >°_, [?, 'k is the number of nonzero coordinates {; # 0 of . Then, selecting p as in
the previous lines, we have, assuming p; # 0 for ¢ = 1,...,k and p; = 0 for ¢ > k,

P UQ(P)) = (1,Q(p) :sz ZQ“p_ll (49)

k
ZU i + Z Pi) le i) = (O Nlilpa)” + 101
i=1

i=k+1 i=1
> (Z li|ue)® = p*(11B(0, Q)),
so that )
P2 (UQ(p) — p*(11B(0,Q)) < U] (50)

Note that with € > 0 the matrix Q(p) is nondegenerate.

However, if we allow ¢ = 0 and take p as in (48), then (50) will turn into an equality, but Q(p) will
be degenerate. The set £(0, Q(p)) will be an elliptical cylinder.

Theorem 5.1 (i) An external ellipsoidal approzimation
B(0, P) C £(0,Q(p))
is given by ellipsoid £(0,Q(p)), where Q(p) is given by (47).

(ii) With p selected according to ({8), the inequality (50) will be true. If one takes ¢ = 0 in (48), then
(50) turns into an equality. However, the ellipsoid £(0,Q(p)) then becomes degenerate (an elliptical
cylinder).

A similar approximation is true for box B(0, X) = x°.

Lemma 5.1 Under a linear transformation T we have

TB(0,Q) C £(0,7Q(p)T") (51)
This follows directly from the above.

17



6 Integrals of box-valued functions

Consider a set - valued integral
/ B(0, B(t)P(t))dt (52)
to

and a partition X similar to the one of Section 2, Part I. Here P(t) is an m x m diagonal matrix,
as before, B(t) is a continuous n x m matrix.

Then
/;B(O,B dt—hmZZé‘O B(t:)Q;;(t:)B' (t:))o;

with N — oo, o0n5 — 0. Applying again the formula for the external ellipsoidal aprroximation of the
sum of ellipsoids, we have

D€, Qs (1) B (1) € E0, X (T )
X+N(PN (ZZP] )(ZZ Q” ), pj(ti)>0.

i=1 j=1 i=1 j=1

Here py[]={p;(t:) [j=1,...,m, i=1,... N}

Taking p;(t;) to be the values of continuous functions p;(¢), j = 1,...,m, and passing in the
previous relation to the limit with N — oo, o[N]— 0, we come to the next conclusion.

Lemma 6.1 The following inclusion is true

/ B(0, B(t)P(1))dt C £(0, X4 (r, pl])dt (53)
X+<p[~]>:é( / )(Z / (@5 (B ’(t)dt)

for any continuous functions p;(t) > 0.

Here p[-]={p; (") i =1,...,m, t € [to, T]}.

For a nonrectangular box T(t)B(0, P(t)) = B(0,T(t)P(t)) and a nonzero box TpB(0,X°%) =
B(0,T,X") in a similar way we have

Theorem 6.1 The following inclusion is true

X[ = B(0, T X / B(0, T()BH)P(0)dt € E(0, X4(r,p[)) (54)

18



where

X+<r,p[~]>:( <0>+Z / (o)) (53)

(Lt b+ X [ o OTOBOQOBOT O] = X (501D
Herep[]—{pk () k=1 00 j=1,...,m, t € [to, 7]}

In order that an equality
p(I1B(0, ToX")) + /tT p(U1B(O, T(t)B(t) P(t)))dt = p({|€(0, X1(7, p[]))) (56)

would be possible for a given [ € IR", we would formally have to choose X (7, p[-]) taking

pi() = u (L TWBOQs; (VBT (O, pi = v, THX Ty, (57)

But a nondegenerate matrix X (7, p[-]) would be possible only if p;(¢) # 0 almost everywhere and
pgco) # 0. The equality is then checked by direct calculation.

Lemma 6.2 In order that for a given | € IR™ there would be an equality (56), it is necessary and
sufficient that p;(t), pgco) would be selected according to (57) and both of the conditions p;(t) # 0

almost everywhere and pgco) #+ 0 would be true.

Otherwise, either an equality (56) will still be ensured, but with a degenerate £(0, X1 (7, p[-])), or,
for any € given in advance, an inequality

P*(IIX4 (7, pL]) = (p(1B(0, To X)) + /t pUIBO, T()B()P(t)))dt)* < €||I]? (58)

may be ensured with a nondegenerate £(X (7, p[])).

This may be done by selecting
1= =V 00 | k=1 =1 telt
p[]_p[]_{pk ap] ()| =1L...,n J=1...,m, E[OaT’]}

as

P () = s (L TOBOQs; (VB (T (D' + (1) ( Z ()Qs5 (1B <>T'<t>z>”z)_,
ngoke) - I/k(l,ToX;SkTél)l/Z + (€2||l||2)(nanuk(l,ToX,SkTél)l/z)_l

It may be useful to know when p;(¢) # 0 almost everywhere .

19



Lemma 6.3 In order that p;(t) = (l,T(t)B(t)QM(t)B’(t)T’(t)l)l/2 # 0 almost everywhere, for all
[ € R", it is necessary and sufficient that functions T(t)B(t)eV) would be linearly independent .
(The j-th column of T(t)B(t) would consist of linearly independent functions).

This follows from the definition of linearly independent functions.

Note that with ¢ = 0 we have

( S0y /p] Jir) = (1, X410 (59)

j= 1t0

The parameters of the ellipsoid £(0, X4 (7, p[-])) may be expressed through a differential equation.

Taking X [r] = X4 (7, p[-]), differentiate it in 7. We get

Xy = (épj ) (Zpk ToXurTy + Z/P] B(t)Q;;(t)B'(t )T/(t)dt)

+( oS 1+Z /p] dt)(ZP QBT ()

Denoting

-1

O =n@ (Lo + X [m0d) = wliex 07,
k=1 ji=1 to
n 1
b= Zﬁéo)_lTokaTo, 0) = P(O) (Z P(O)) :
k=1

rearranging the coefficients similarly to Section 3 of Part I, we come to

Tl = (Z T (T)) X[+ Z T;l(T)T(T)B(T)Q]']' (T)B'(r)T'(7), Xi[to] = XY (60)

ji=1

Remark 6.1. 1f boxes B(p(t), P(t)), B(z", X") have nonzero centers p(t), then all the previous rela-
tions hold with centers of ellipsoids changing from 0 to z°(t), where

29 = B)p(t), z(ty) = 20,

so that £(0, X4 (7, p[-])) turns into E(x°(¢), X4 (7, p[-]))-

20



Theorem 6.2 (i) The matriz X4 (7,p[]) of the external ellipsoid E(x°(t), X4+ (7, p[])). that ensures
the inclusion (54) satisfies the differential equation and the tinitial condition (60).

(11) The ellipsoid £(x°(t), X4 (7,p[])) ensures the equality (56) (namely, £(2°(t), Xy (7, p[])) touches
set X[1] of (54) along the direction 1), if parameters p[-] are selected as in (57) and 7;(t) are defined

respectively, for allt € [ty, 7], with 71';60) #£0. Then E(x°(t), X4 (7, p[-])) is nondegenerate for any l.

(111) In order that £(x°(t), X1 (1, p[])) would be nondegenerate for alll, (with box B(x°, X°) = {2°}
being a singleton), it suffices that functions T(t)B(t)el) would be linearly independent on [to,t1].

(iv) In general, for any given ¢, selecting 71'](»6)(15), 71';606) similarly to Tj(t),ﬂ'l(co), but with p;(t), pgco)

substituted for pg»e)(t), p;ﬂo)e)’ one is able to ensure the inequality (58).

We may now proceed with the approximation of reach sets for system (19).

7 Reach tubes for box-valued constraints. External approx-
imations

Consider system (19) under box-valued constraints (46). Tts reach set will be
X7 [1) = Gl 1) X

where

Xt = B(a:o, Xo) + /G(to, S)B(S)B(UO(S), P(s))ds, (61)

Let us first apply the results of the previous section to the approximation of X[t]. Taking T(s) =
G(to,s), Ty = I, we have
X[t] C E(2°(1), X4 [M])),

where . .
i) = (30 m0) X4+ X7 (060 0 BOQs (OB ()G (1,0, (62
j=1 ji=1
with 1nitial condition .
Xelto] = 0 X, (63)
k=1
and with 2°(¢) evolving due to equation
% = A@)x® + Bt)u'(t), x(to) = =°. (64)

Further on, denoting X7 [t] = G(t,10) X [t]G'(t,%0), we obtain

XL € £((0), Gt )X G (1 10)) = EG°10), X 1), (65)
where now
X5 = AOX; + X520+ (w1 0) X+ 3 57 OBOQs OB 0, X} = X3l 66)

21



Theorem 7.1 The inclusion (65) is true, whatever be the parameters m;j(t) > 0, wp > 0 of the
equation (66).

Let us now presume that Assumption 3.1 is fulfilled :the vector function I(¢) along which we would
like to ensure the tightness property is taken as [(t) = G(to,t)l, | € R".

Then, following the schemes of sections 3, 4 | Part I, we come to the following results.

Theorem 7.2 Under Assumption 3.1, in order that the equality

pUIX[T]) = p(1E (" (1), X4 (7, p[))

would be true for a given “direction” I, the external ellipsoids E(x°(7), X4 (7, p[])) should be taken

with

(1, G(to, ) B()Qy; () B' ()G (to, 1))/
(L, X3 [t]nr/? ’

X7 = (Z el (el x2, ),

k=1

mi(t) = ty <t <, (67)

provided 7} (t) > 0 almost everywhere and |lx| >0, Yk ={1,...,n}.

Otherwise, taking for any given € > 0 the parameters

o (0L Gl D BIOQ (OB (G (10 DD + (1)
= (@ XL + e[l ’ (68)

m

() =Y (L, Glto, ) B()Qs5 () B ()G (1o, 1)),
ji=1
and .
Xifto] = X350 = Y 797X,

k=1

where .
209 = {09 (Z(péoe)—l) ’
k=1

n

-1
Pt = w(l, X0V + €2||l||2<nZVk(l,Xle)l/2) ~
k=1

should be taken instead of 73(1), 71_](605)’

An inequality
PALIEEC (), Xo(r,p])) — p*(UX[7]) < 1]

well then be true.
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Remark 7.1. The exact reach set X'*[t] is the sum of two sets:
T[] = Ag [+ A,

where X3 [t] = G(t,t0)B(2", X) is a (nonrectangular) box and
t
X[t = / G(t,s)B(s)B(u’, P(s))ds,
to

is a convex compact set. Set XJ[t] cannot be exactly approximated by nondegenerate ellipsoids
(see figures 5,6 in the next Section), while set X f[t] may be represented exactly by nondegenerate
ellipsoids under the condition (iii) of Theorem 6.2. Let us reformulate this condition.

Theorem 7.3 In order that for any | € IR" an equality
p(I XL [E]) = p(11E(0, XL [t]))

would be possible for an appropriately selected ellipsoid £(0, X7[t]), it is sufficient that the pair
{A(t),e*} would be completely controllable for any k =1,...,m.

Then X7[t] will be correctly defined when described by equation (66), with parameters 77 (t) and
inttial condition X7 [to] = X3° selected due to (67).

This follows from the definition of complete controllability , [15]. Under this condition the boundary
of set X [7] will not have any “platforms” and it can be totally decribed by “tight” ellipsoids, as in
Part T (Sections 1-4, figures 1-4 ).

Finally, a parametric presentation of set X'*[¢], similar to (51), (52), can be produced. Then
£(1) = (1) + XL, X312, (69)

with

X*(to) = «® 4+ XU, XIDY2, I*(1) = G(t, 1)L (70)
with either ;(¢), = or mi(t), 71';606) selected as indicated in Theorem 11.2. This results in an array
of external ellipsoids of either type &(z°(t), Xi[r]) or type E(2O(1), Xi[t]), which lead to equalities
of type (56), or inequalities of type (58) accordingly.

8 Example III

In this section we consider external ellipsoids for reach sets and tubes that are initiated from given
starting sets rather than starting points, including box-valued starting sets. In order to compare
reach sets initiated by ellipsoids with those generated by boxes, consider system

. . 2
Tl =Tz, Tz = —W T+ uz,
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with |u(t)| < p and either (a) z(0) € Xy = E(xo, X), or (b) 2(0) € Xy = B(xq, PY).

Here X is the starting set which is either an ellipsoid £(zg, X°) or a box B(zg, P%), zg is a given
vector, matrix X = X’ > 0, and matrix P° is with positive coefficients.(Further we take X° =
I, P° = I, to be a unit matrix).

We have:

G(t,r):G(t—r):< cosw(t =), sinw(t — 7)) )

—wsin(w(t — 7)), cosw(t — 7))
@

21(t) = coswt &) + w™sinwt 25 + /w_
0

Lsinw(t — r)dr,

¢
zo(t) = —wsinwt #) + coswt x5 + / cosw(t — 7)dr,
0
which yields the support function (b’ = {0,1})

t

p(|XE]) = p(|G(t,0) X + / |I'G(t, 7)b|dT.

The tube X[t], t > 0, may now be approximated by ellipsoids. Assumption 3.1 of Parts I,IT requires
that the “good” curves along which we calculate the reach sets are of the form I(t) = G'(—¢)l.
Then, for case (a), we may use the results of Part T (equations (25), (26) of Part I, where Q(?) is
substituted by Q(t) = u'/?b'b = u'/?, see Remark 1.1 of Part ). Withw? = 1, u= 1,20 =0, X% = I,
the calculations are illustrated in Fig.5 ( for the reach sets at instants ¢ = 0.5, = 1 ) and Fig.6 (
for the reach tube ).

For case (b) the calculations are made due to relations of (64,66), and of Theorem 7.1, with m =
1,7 = 2 and are illustrated in Figures 7, 8 for the reach sets and the reach tube accordingly.

The next two figures 9, 10 are again related to case (b) but with B(u®, P(t)) = {0}, so that the
reach sets X'x[t] = X;[t] are box - valued for all ¢.

Finally, in figures 11, 12, we return to Example I of Part I and construct the reach sets and reach
tube that are initiated from box X% = X[to] = {z : |x;| <1, i=1,2}.
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Fig.12

9 Reach tubes for box-valued constraints. Internal approxi-
mations

Following Remark 2.3, we recall that the results of Sections 1-3 are all true for degenerate ellipsoids.
We may therefore directly apply them to box-valued constraints

P(t) = B(u'(1), P(t)), X" =B(z",X°),

using relations (9), (27), in view of the inclusions

m n

B(u'(t), P(1) = Y E(u(1), Qui(t)), Bz, X°) =" €(2°, Xw),

j=1 k=1

where ,
Qn’(t) = qn’e(l)e(l) y Qii = N?a Xlgk = x%ke(k)e(k)/a l‘gk = Vl?a

and e e(®) are unit orts in the respective spaces IR™, IR™ . This leads to the following statement.
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Theorem 9.1 (i) An ellipsoid £(x°(t), X* (1)) that satisfies the relations
X (1) = Glt, o) X_ ()G (1 10),

where

X-(t) = ( (X3) 1255, +/ZG(to,5)(3(5)%(S)B’(S))”zS}(S)dS) X (71)

=1 to =

(Z Sor(Xip) 1/2 /ZS (5)Q4; (5)B'(s ))1/2G’(t0,5)ds).

and Sox, S; are any orthogonal matrices of dimensions nxn, (SopSy, = 1,;.5; S’ = 1), is an internal
ellzpsozdal approzimate of the reach set X[t] of (61).

(ii) In order that for a given “direction” | the equality

p(L|X[]) = p(11E("(1), X7 (1))

would be true, it is necessary an sufficient that there would exist a vector d € R", such that the
equalities
Sor X121 = Aord, S;(B(s)Qji(5)B' ()G (to, 5)l = Aj (s)d, (72)

k=1,...,n, j=1,...,m; s € [to,1],

bl

would be true for some scalars Aoy, A;j(s).

(111) The function z°(t) is the same as for external approvimations, and is given by (64).

We may now express the relations for X*(¢) through differential equations similar to those of Section
3.

Denote
n

201 = Y (XR) 253 /ZGm (510 B(9)! 255 5)ds

k=1

Then
X2 =Y@)Y'(t), Y(t) =G, t0)Z(1).

Differentiating X* (¢) and using the previous relations, we come to the proposition.

Theorem 9.2 The matriz X* (1) of the ellipsoid
E(=°(t), X2(1) € X,
satisfies the equation

X2 = AQXT + XZA/() + Y ()" ((BOQs; () B' (1) + (B)Q;()B' (1) /2S()Y'(t)  (73)
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with nitial condition
n n

XX (ta) = (D (X250 (X0 2500, (74)

where

Y = A@M)Y + i(B(t)QMB’(t))l/ZS} (),

Y(to) = Z(Xlgk)l/zsék'
k=1

and Sox, Sj are orthogonal matrices of dimensions n x n, (SoxSp, = I; S;S; =1).

In order that the equality p(I |X[t]) = pl |E(x°(t), X* (t))) would be true, it is necessary and sufficient
that relations of type (72) would be satisfied.

Conclusion

This paper studies the behavior of tight internal ellipsoidal approximations of reach sets and reach
tubes. It shows that equation (34) with appropriately chosen parameter S(¢) (an orthogonal matrix-
valued function restricted by an equality) generates a family of internal ellipsoids that touch the reach
tube or its neighborhood from inside along a special family of “good” curves that cover the whole
tube. Such “good” curves are the same as for the external approximations. The suggested techniques
allow on-line calculation of the internal ellipsoids without additional computational burden present
in other approaches. The calculation of similar ellipsoids along any other given smooth curve on
the boundary of the reach tube requires additional burden as compared with the “good” ones. The
internal approximations of this paper rely on relations different from those indicated in [1], [2], [13]
and are relevant for solving various classes of control and design problems requiring guaranteed
performance.

We would finally like to emphasize that the suggested approach appears to be appropriate for parallel
computations.
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